
Ìåæäóíàðîäíûé óíèâåðñèòåò ïðèðîäû,
îáùåñòâà è ÷åëîâåêà, ¾Äóáíà¿

Êàôåäðà áèîôèçèêè

À. Þ. ÏÀÐÕÎÌÅÍÊÎ

ÏÐÀÊÒÈÊÓÌ ÏÎ ÂÅÊÒÎÐÍÎÌÓ È ÒÅÍÇÎÐÍÎÌÓ
ÀÍÀËÈÇÓ

äëÿ ñïåöèàëüíîñòè
ôèçèêà

2012



Ðåöåíçåíòû:

¾Ïðàêòèêóì ïî âåêòîðíîìó è òåíçîðíîìó àíàëèçó¿/ Ñîñò.
À. Þ. Ïàðõîìåíêî. Ìåæäóíàðîäíûé óíèâåðñèòåò ïðèðîäû,
îáùåñòâà è ÷åëîâåêà, ¾Äóáíà¿, 2012, 96 ñ.

Àííîòàöèÿ

Äàííîå ïîñîáèå ïðåäíàçíà÷àåòñÿ ñòóäåíòàì âòîðîãî êóðñà ïî
ñïåöèàëüíîñòè ôèçèê-áàêàëàâð. Ïðèâîäÿòñÿ ðåøåíèÿ îêîëî 50
òèïîâûõ çàäà÷, êîòîðûå ñîñòàâëÿþò ìèíèìàëüíîå êîëè÷åñòâî
çàäà÷ äëÿ ïðèîáðåòåíèÿ íåîáõîäèìûõ íàâûêîâ îâëàäåíèÿ
òåõíèêîé îïåðàöèé âåêòîðíîãî àíàëèçà è òåíçîðíîé àëãåáðû.
Ïîñîáèå ñîäåðæèò ñâûøå 700 çàäà÷ äëÿ ñàìîñòîÿòåëüíîãî
ðåøåíèÿ, êîòîðûå ìîãóò áûòü èñïîëüçîâàíû ïðè ñîñòàâëåíèè
êîíòðîëüíûõ ðàáîò. Âñå îíè ñíàáæåíû îòâåòàìè.

c© À. Þ. Ïàðõîìåíêî, 2012
c© Ìåæäóíàð. óí-ò ïðèðîäû,

î-âà è ÷åëîâåêà �Äóáíà�, 2012



Îãëàâëåíèå

Ïðåäèñëîâèå 5

1. Ñêàëÿðíûå ïîëÿ 7
Îñíîâíûå ôîðìóëû è îïðåäåëåíèÿ . . . . . . . . . . . . 7
Ïðàêòè÷åñêîå çàíÿòèå . . . . . . . . . . . . . . . . . . . 8
Âàðèàíòû êîíòðîëüíûõ ðàáîò . . . . . . . . . . . . . . . 12

2. Êðèâîëèíåéíûå è ïîâåðõíîñòíûå èíòåãðàëû 16
Îñíîâíûå ôîðìóëû è îïðåäåëåíèÿ . . . . . . . . . . . . 16
Ïðàêòè÷åñêîå çàíÿòèå . . . . . . . . . . . . . . . . . . . 17
Âàðèàíòû êîíòðîëüíûõ ðàáîò . . . . . . . . . . . . . . . 26

3. Âåêòîðíûå ïîëÿ 31
Îñíîâíûå ôîðìóëû è îïðåäåëåíèÿ . . . . . . . . . . . . 31
Ïðàêòè÷åñêîå çàíÿòèå . . . . . . . . . . . . . . . . . . . 32
Âàðèàíòû êîíòðîëüíûõ ðàáîò . . . . . . . . . . . . . . . 36

4. Âåêòîðíûé àíàëèç â êðèâîëèíåéíûõ êîîðäèíàòàõ 40
Îñíîâíûå ôîðìóëû è îïðåäåëåíèÿ . . . . . . . . . . . . 40
Ïðàêòè÷åñêîå çàíÿòèå . . . . . . . . . . . . . . . . . . . 41
Âàðèàíòû êîíòðîëüíûõ ðàáîò . . . . . . . . . . . . . . . 47

5. Èíòåãðàëüíûå òåîðåìû âåêòîðíîãî àíàëèçà 52
Îñíîâíûå ôîðìóëû è îïðåäåëåíèÿ . . . . . . . . . . . . 52
Ïðàêòè÷åñêîå çàíÿòèå . . . . . . . . . . . . . . . . . . . 53
Âàðèàíòû êîíòðîëüíûõ ðàáîò . . . . . . . . . . . . . . . 59

6. Äèôôåðåíöèàëüíûå îïåðàöèè âòîðîãî ïîðÿäêà 63
Îñíîâíûå ôîðìóëû è îïðåäåëåíèÿ . . . . . . . . . . . . 63
Ïðàêòè÷åñêîå çàíÿòèå . . . . . . . . . . . . . . . . . . . 64
Âàðèàíòû êîíòðîëüíûõ ðàáîò . . . . . . . . . . . . . . . 67

7. Ñïåöèàëüíûå âèäû âåêòîðíûõ ïîëåé 70

3



Îñíîâíûå ôîðìóëû è îïðåäåëåíèÿ . . . . . . . . . . . . 70
Ïðàêòè÷åñêîå çàíÿòèå . . . . . . . . . . . . . . . . . . . 71
Âàðèàíòû êîíòðîëüíûõ ðàáîò . . . . . . . . . . . . . . . 76

8. Òåíçîðíàÿ àëãåáðà 79
Îñíîâíûå ôîðìóëû è îïðåäåëåíèÿ . . . . . . . . . . . . 79
Ïðàêòè÷åñêîå çàíÿòèå . . . . . . . . . . . . . . . . . . . 79
Âàðèàíòû êîíòðîëüíûõ ðàáîò . . . . . . . . . . . . . . . 85

9. Òåíçîðíàÿ àëãåáðà â êðèâîëèíåéíûõ êîîðäèíàòàõ 89
Îñíîâíûå ôîðìóëû è îïðåäåëåíèÿ . . . . . . . . . . . . 89
Ïðàêòè÷åñêîå çàíÿòèå . . . . . . . . . . . . . . . . . . . 89
Âàðèàíòû êîíòðîëüíûõ ðàáîò . . . . . . . . . . . . . . . 98

Îòâåòû 103
Êîíòðîëüíàÿ ðàáîòà �1 . . . . . . . . . . . . . . . . . . 103
Êîíòðîëüíàÿ ðàáîòà �2 . . . . . . . . . . . . . . . . . . 105
Êîíòðîëüíàÿ ðàáîòà �3 . . . . . . . . . . . . . . . . . . 106
Êîíòðîëüíàÿ ðàáîòà �4 . . . . . . . . . . . . . . . . . . 107
Êîíòðîëüíàÿ ðàáîòà �5 . . . . . . . . . . . . . . . . . . 110
Êîíòðîëüíàÿ ðàáîòà �6 . . . . . . . . . . . . . . . . . . 110
Êîíòðîëüíàÿ ðàáîòà �7 . . . . . . . . . . . . . . . . . . 112
Êîíòðîëüíàÿ ðàáîòà �8 . . . . . . . . . . . . . . . . . . 114
Êîíòðîëüíàÿ ðàáîòà �9 . . . . . . . . . . . . . . . . . . 116

Áèáëèîãðàôè÷åñêèé ñïèñîê 122

4



Ïðåäèñëîâèå

Ïîñîáèå ïîñâÿùåíî âàæíîìó ðàçäåëó ìàòåìàòèêè êîòîðûé
â íàñòîÿùåå âðåìÿ âêëþ÷¼í â îñíîâíóþ îáðàçîâàòåëüíóþ
ïðîãðàììó ïîäãîòîâêè áàêàëàâðà è ÿâëÿåòñÿ áàçîâîé
äèñöèïëèíîé ìàòåìàòè÷åñêîãî è åñòåñòâåííîíàó÷íîãî öèêëà.
Îñíîâîé ïîñîáèÿ ïîñëóæèë êóðñ ¾Âåêòîðíûé è òåíçîðíûé
àíàëèç¿, ïðî÷èòàííûé ñòóäåíòàì IV ñåìåñòðà óíèâåðñèòåòà
¾Äóáíà¿ ïî íàïðàâëåíèþ ¾Ðàäèàöèîííàÿ áåçîïàñíîñòü ÷åëîâåêà
è îêðóæàþùåé ñðåäû¿; îáúåì ëåêöèé � 34 àêàäåìè÷åñêèõ ÷àñà,
îáú¼ì ñåìèíàðîâ � 17 ÷àñîâ. Îñíîâíàÿ öåëü ïîñîáèÿ �
ïîìî÷ü âûðàáîòàòü íàâûêè ðåøåíèÿ çàäà÷ âåêòîðíîãî
àíàëèçà è òåíçîðíîé àëãåáðû äëÿ òîãî, ÷òîáû ìîæíî áûëî
â äàëüíåéøåì èçó÷àòü äðóãèå äèñöèïëèíû, êàê, íàïðèìåð,
ôèçèêó òâåðäîãî òåëà, êâàíòîâóþ ìåõàíèêó, òåîðèþ âîëíîâûõ
ïðîöåññîâ, ÿäåðíóþ ôèçèêó è ò.ä., êîòîðûå ÷èòàþòñÿ íà êàôåäðå
¾Áèîôèçèêà¿.

Ïîñîáèå ñîñòîèò èç äåâÿòè ãëàâ (ïî êîëè÷åñòâó ñåìèíàðîâ),
â êîòîðûõ ïðåäñòàâëåíû ðåøåíèÿ çàäà÷ ðàññìàòðèâàåìûõ íà
ïðàêòè÷åñêèõ çàíÿòèÿõ. Âñå çàäà÷è ïîäîáðàíû òàê, ÷òîáû èõ
ðàçáîð íå òðåáîâàë äîïîëíèòåëüíûõ ñâåäåíèé èç äèñöèïëèí,
êîòîðûå åù¼ íå èçó÷àëèñü ñòóäåíòàìè âòîðîãî êóðñà. Ïðè
ñîñòàâëåíèè çàäà÷ èñïîëüçîâàëñÿ ìàòåðèàë, ñîäåðæàùèéñÿ â
ñáîðíèêàõ çàäà÷ [1�5]. Ïî êàæäîìó èç ðàçäåëîâ äàåòñÿ êðàòêîå
èçëîæåíèå òåîðåòè÷åñêèõ ñâåäåíèé, âêëþ÷àþùèõ îñíîâíûå
îïðåäåëåíèÿ, ôîðìóëû è òåîðåìû, êîòîðûå íå âñòðå÷àþòñÿ
ïðè ðåøåíèè çàäà÷. Ëåêöèîííûé òåîðåòè÷åñêèé ìàòåðèàë
õîðîøî èçëîæåí â ìíîãî÷èñëåííûõ ó÷åáíèêàõ [6�15] è çäåñü íå
ïðèâîäèòñÿ. Â êîíöå êàæäîé ãëàâû ïðåäñòàâëåíû çàäà÷è áåç
ðåøåíèé äëÿ ñàìîñòîÿòåëüíîé äîìàøíåé ðàáîòû ñòóäåíòîâ. Ýòè
çàäà÷è ïðåäñòàâëÿþò ñîáîé 15 ðàçëè÷íûõ âàðèàíòîâ, êîòîðûå
ìîãóò áûòü èñïîëüçîâàíû ïðåïîäàâàòåëÿìè ïðè ñîñòàâëåíèè
êîíòðîëüíûõ ðàáîò. Â êàæäîì âàðèàíòå ñîäåðæèòñÿ, êàê
ïðàâèëî, ïî ïÿòü àíàëîãè÷íûõ çàäà÷ îäèíàêîâîé ñëîæíîñòè.

Îñíîâíîå âíèìàíèå óäåëÿåòñÿ âåêòîðíîìó àíàëèçó, êîòîðîìó
ïîñâÿùåíû ãëàâû 1�7, ãëàâû 8�9 ñîäåðæàò çàäà÷è ïî òåíçîðíîé
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àëãåáðå. Ìíîãèå âîïðîñû â ñèëó îãðàíè÷åííîãî îáú¼ìà
ïðàêòè÷åñêèõ çàíÿòèé, íàïðèìåð, òàêèå êàê, èíòåãðàëüíûå
îïåðàöèè âåêòîðíîãî àíàëèçà â êðèâîëèíåéíûõ êîîðäèíàòàõ,
òåîðèÿ ïåðåìåííûõ ïîëåé, äèôôåðåíöèàëüíûå è èíòåãðàëüíûå
îïåðàöèè íàä òåíçîðíûìè ïîëÿìè âòîðîãî ðàíãà çäåñü íå
ðàññìàòðèâàþòñÿ.

Â êîíöå ïîñîáèÿ ïðèâîäÿòñÿ îòâåòû. Ïîñîáèå ìîæåò áûòü
ïîëåçíî ñòóäåíòàì ôèçè÷åñêèõ ñïåöèàëüíîñòåé.
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Ãëàâà 1

Ñêàëÿðíûå ïîëÿ

Îñíîâíûå ôîðìóëû è îïðåäåëåíèÿ

Ñêàëÿðíûì ïîëåì íàçûâàåòñÿ îáëàñòü ïðîñòðàíñòâà,
â êàæäîé òî÷êå êîòîðîãî îïðåäåëåíî çíà÷åíèå íåêîòîðîãî
ñêàëÿðà, êîòîðûé çàäàåòñÿ êàê ñêàëÿðíàÿ ôóíêöèÿ îò ðàäèóñ-
âåêòîðà r òåêóùåé òî÷êè ïîëÿ: u = u (r) = u(x, y, z).

Ïîâåðõíîñòüþ óðîâíÿ íàçûâàåòñÿ ãåîìåòðè÷åñêîå ìåñòî
òî÷åê ïîëÿ, â êîòîðûõ ñêàëÿð ïîëÿ èìååò îäíî è òî æå
çíà÷åíèå: u(x, y, z) = const. Â ñëó÷àå äâóìåðíîãî ïîëÿ ïîíÿòèå
ïîâåðõíîñòè óðîâíÿ çàìåíÿåòñÿ ïîíÿòèåì ëèíèè óðîâíÿ:
u(x, y) = const.

Ïîëíûé äèôôåðåíöèàë ñêàëÿðíîãî ïîëÿ du ìîæíî
ïðåäñòàâèòü êàê ñêàëÿðíîå ïðîèçâåäåíèå äâóõ âåêòîðîâ:
du = gradu dr. Ïåðâûé ìíîæèòåëü, íàçûâàåìûé ãðàäèåíòîì

ñêàëÿðíîãî ïîëÿ, çàâèñèò ëèøü îò êîîðäèíàò òî÷êè ïîëÿ è
íå çàâèñèò îò èõ äèôôåðåíöèàëîâ.

Òåîðåìà î ãðàäèåíòå: Ãðàäèåíò â äàííîé òî÷êå ïîëÿ
íàïðàâëåí ïî íîðìàëè ê ïîâåðõíîñòè óðîâíÿ â ýòîé òî÷êå (èëè
ê ëèíèè óðîâíÿ, åñëè ïîëå ïëîñêîå).

Ïðîèçâîäíàÿ ñêàëÿðíîãî ïîëÿ â äàííîé òî÷êå ïî
íàïðàâëåíèþ ãðàäèåíòà èìååò íàèáîëüøåå çíà÷åíèå è
ðàâíà ìîäóëþ ãðàäèåíòà, â íàïðàâëåíèÿõ êàñàòåëüíûõ ê
ïîâåðõíîñòè óðîâíÿ � ðàâíà íóëþ. Ãðàäèåíò íàïðàâëåí
â ñòîðîíó âîçðàñòàíèÿ ôóíêöèè ïîëÿ. Ýòè ñâîéñòâà äàþò
èíâàðèàíòíóþ õàðàêòåðèñòèêó ãðàäèåíòà. Îíè ãîâîðÿò î
òîì, ÷òî âåêòîð gradu óêàçûâàåò íàïðàâëåíèå è âåëè÷èíó
íàèáîëüøåãî èçìåíåíèÿ ñêàëÿðíîãî ïîëÿ â äàííîé òî÷êå.
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Ïóñòü w = f(u, v), u = u(x, y z) è v = u(x, y z) �
äèôôåðåíöèðóåìûå ôóíêöèè, λ = const, v 6= 0, n ∈ N . Òîãäà:

grad (u+ v) = gradu+ grad v, grad (λ+ u) = gradu,
grad (u · v) = v gradu+ u grad v, grad (λu) = λ gradu,

grad
(u
v

)
=
v gradu− u grad v

v2
, grad (un) = nun−1gradu,

gradw =
∂f

∂u
gradu+

∂f

∂v
grad v.

Ïðàêòè÷åñêîå çàíÿòèå

Çàäà÷à 1.1. 1) Íàéòè âåëè÷èíó è íàïðàâëåíèå ãðàäèåíòà
ñêàëÿðíîãî ïîëÿ u = u (x, y, z) = 3x2 +2y2−4z2−6xy−6x+4y+
+ 8z â òî÷êå M0 (1; 2; 1). 2) Â êàêîé òî÷êå ïîëÿ ãðàäèåíò ðàâåí
íóëþ? 3) Â êàêèõ òî÷êàõ ïðîñòðàíñòâà îí ïåðïåíäèêóëÿðåí îñÿì
êîîðäèíàò?

Ðåøåíè å: 1) Ãðàäèåíòîì ñêàëÿðíîãî ïîëÿ u â
äàííîé òî÷êå M íàçûâàåòñÿ âåêòîð gradu, êîòîðûé óêàçûâàåò
íàïðàâëåíèå è âåëè÷èíó íàèáîëüøåãî èçìåíåíèÿ ñêàëÿðíîãî
ïîëÿ â äàííîé òî÷êå, îáîçíà÷àåòñÿ ñèìâîëîì gradu è
îïðåäåëÿåòñÿ â äåêàðòîâîé ñèñòåìå êîîðäèíàò ðàâåíñòâîì:

gradu =
∂u

∂x
i +

∂u

∂y
j +

∂u

∂z
k.

Âåëè÷èíà ãðàäèåíòà ïîëÿ îïðåäåëÿåòñÿ åãî ìîäóëåì:

|gradu| =

√(
∂u

∂x

)2

+
(
∂u

∂y

)2

+
(
∂u

∂z

)2

,

à åãî íàïðàâëåíèå íàïðàâëÿþùèìè êîñèíóñàìè âåêòîðà íîðìàëè
ê ïîâåðõíîñòè óðîâíÿ â òî÷êå M0:

cosα =
∂u
∂x

|gradu|
, cosβ =

∂u
∂y

|gradu|
, cos γ =

∂u
∂z

|gradu|
.

Çíà÷åíèÿ ÷àñòíûõ ïðîèçâîäíûõ äàííîãî ñêàëÿðíîãî

ïîëÿ â òî÷êå M0 ðàâíû:
∂u

∂x

∣∣∣∣
M0

= (6x− 6y − 6)|M0
= −12,
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∂u

∂y

∣∣∣∣
M0

= (4y − 6x+ 4)|M0
= 6,

∂u

∂z

∣∣∣∣
M0

= (8− 8z)|M0
= 0.

Îòñþäà âåëè÷èíà ãðàäèåíòà ïîëÿ â òî÷êå M0: |gradu| =
=

√
(−12)2 + 62 + 0 =

√
180 = 6

√
5. Ñîîòâåòñòâåííî

íàïðàâëåíèå ñêàëÿðíîãî ïîëÿ: cosα = − 2√
5
, cosβ = 1√

5
,

cos γ = 0.
2) Äëÿ íàõîæäåíèÿ òî÷êè, â êîòîðîé ãðàäèåíò ïîëÿ ðàâåí

íóëþ, íàõîäèì ÷àñòíûå ïðîèçâîäíûå ïîëÿ u ïî ïåðåìåííûì
x, y, z, ïðèðàâíèâàåì èõ íóëþ è ðåøàåì ïîëó÷åííóþ ñèñòåìó
àëãåáðàè÷åñêèõ óðàâíåíèé:

6x− 6y − 6 = 0,
4y − 6x+ 4 = 0,
8− 8z = 0.

Ðåøåíèå ñèñòåìû ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé
èìååò âèä: x = 0, y = −1, z = 1. Îòñþäà, èñêîìàÿ òî÷êà èìååò
êîîðäèíàòû M(0;−1; 1).

3) Ïóñòü gradu ‖ Ox, òîãäà cosβ = 0, cos γ = 0, ïåðåìåííàÿ x
ìîæåò ïðèíèìàòü ëþáûå çíà÷åíèÿ x ∈ R, âîçìîæíûå çíà÷åíèÿ
ïåðåìåííûõ y è z íàõîäÿòñÿ èç ðåøåíèÿ ñèñòåìû óðàâíåíèé:{

4y − 6x+ 4 = 0,
8− 8z = 0.

Îòñþäà y =
3
2
x− 1, z = 1.

Ïóñòü gradu ‖ Oy, òîãäà y ∈ R, cosα = 0, cos γ = 0.{
6x− 6y − 6 = 0,
8− 8z = 0.

Îòñþäà x = y − 1, z = 1.

Ïóñòü gradu ‖ Oz, òîãäà z ∈ R, cosα = 0, cosβ = 0.{
6x− 6y − 6 = 0,
4y − 6x+ 4 = 0.

Îòñþäà x = 0, y = −1.

Çàäà÷à 1.2. Íàéòè ïðîèçâîäíóþ ñêàëÿðíîãî ïîëÿ u =
= u (x, y, z) èç çàäà÷è �1 â òî÷êå M0 (2; 1; 1) â íàïðàâëåíèè
ãðàäèåíòà ïîëÿ v = v (x, y, z) = xy + yz + xz.

Ðåøåíè å: Ïðîèçâîäíàÿ ñêàëÿðíîãî ïîëÿ u(M) â òî÷êå M0

ïî íàïðàâëåíèþ âåêòîðà s õàðàêòåðèçóåò ñêîðîñòü èçìåíåíèÿ
ôóíêöèè u(M) â íàïðàâëåíèè âåêòîðà s è ðàâíà ñêàëÿðíîìó
ïðîèçâåäåíèþ ãðàäèåíòà ïîëÿ íà åäèíè÷íûé âåêòîð äàííîãî
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íàïðàâëåíèÿ, ò. å. ðàâíà ïðîåêöèè ãðàäèåíòà íà äàííîå
íàïðàâëåíèå:

∂u

∂s
= (gradu, s) = |gradu| cosϕ,

ãäå ϕ � óãîë ìåæäó ãðàäèåíòîì è âåêòîðîì s. Ïî óñëîâèþ
çàäà÷è âåêòîðîì s ÿâëÿåòñÿ åäèíè÷íûé âåêòîð ãðàäèåíòà ïîëÿ v
äëÿ êîòîðîãî èìååì: s = cosα i+ cosβ j+ cos γ k, ãäå cosα, cosβ,
cos γ � íàïðàâëÿþùèå êîñèíóñû âåêòîðà grad v = (y + z) i +
+ (x+ z) j + (y + x) k. � íàõîäÿòñÿ ïî ôîðìóëàì:

cosα =
y + z

|grad v|

∣∣∣∣
M0

=
2√
22
, cosβ =

x+ z

|grad v|

∣∣∣∣
M0

=
3√
22
,

cos γ =
y + x

|grad v|

∣∣∣∣
M0

=
3√
22
,

|grad v|M0 =
√

(y + z)2 + (x+ z)2 + (y + x)2
∣∣∣
M0

=
√

22.

Îòñþäà ñëåäóåò âûðàæåíèå äëÿ ïðîèçâîäíîé ñêàëÿðíîãî
ïîëÿ â êîîðäèíàòíîé ôîðìå:

∂u

∂s

∣∣∣∣
M0

=
∂u

∂x

∣∣∣∣
M0

cosα+
∂u

∂y

∣∣∣∣
M0

cosβ +
∂u

∂z

∣∣∣∣
M0

cos γ,

ãäå ñèìâîëû
∂u

∂x

∣∣∣∣
M0

,
∂u

∂y

∣∣∣∣
M0

,
∂u

∂z

∣∣∣∣
M0

îçíà÷àþò, ÷òî ÷àñòíûå

ïðîèçâîäíûå áåðóòñÿ â òî÷êå M0. Ñàìè ÷àñòíûå ïðîèçâîäíûå
ÿâëÿþòñÿ ïðîèçâîäíûìè ôóíêöèè u ïî íàïðàâëåíèþ
êîîðäèíàòíûõ îñåé Ox, Oy, Oz, ñîîòâåòñòâåííî. Îíè áûëè
íàéäåíû â ïðåäûäóùåé çàäà÷å. Íàéäåì çíà÷åíèÿ ýòèõ
ïðîèçâîäíûõ â òî÷êå M0:
∂u

∂x

∣∣∣∣
M0

= (6 · 2− 6 · 1− 6) = 0,
∂u

∂y

∣∣∣∣
M0

= (4 · 1− 6 · 2 + 4) = −4,

∂u

∂z

∣∣∣∣
M0

= (8− 8 · 1) = 0. Òîãäà:
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∂u

∂s

∣∣∣∣
M0

= 0 · 2√
22

+ (−4) · 3√
22

+ 0 · 3√
22

= − 12√
22
.

Òîò ôàêò, ÷òî
∂u

∂s

∣∣∣∣
M0

< 0, îçíà÷àåò, ÷òî ñêàëÿðíîå ïîëå â òî÷êå

M0 â äàííîì íàïðàâëåíèè óáûâàåò.

Çàäà÷à 1.3. ßâëÿþòñÿ ëè îðòîãîíàëüíûìè ïîâåðõíîñòè
óðîâíÿ ñêàëÿðíûõ ïîëåé u è v èç ïðåäûäóùåé çàäà÷è?

Ðåøåíè å: Óñëîâèåì îðòîãîíàëüíîñòè ïîâåðõíîñòåé óðîâíÿ
ÿâëÿåòñÿ ðàâåíñòâî íóëþ ñêàëÿðíîãî ïðîèçâåäåíèÿ ãðàäèåíòîâ
ýòèõ ïîëåé, ò. å. ñëåäóþùåå óñëîâèå: (gradu · grad v) = 0. Òàêèì
îáðàçîì:
gradu = (6x− 6y − 6) i + (4y − 6x+ 4) j + (8− 8z) k,
grad v = (y + z) i + (x+ z) j + (y + x)) k.
(gradu · grad v) = (6x− 6y− 6) · (y + z) + (4y− 6x+ 4) · (x+ z) +
+ (8 − 8z) · (y + x) = 12x − 6x2 + 2y + 10xy − 6y2 − 2z −
8xz − 10yz 6= 0. Îòñþäà ñëåäóåò, ÷òî çàäàííûå ïîâåðõíîñòè íå
ÿâëÿþòñÿ îðòîãîíàëüíûìè.

Çàäà÷à 1.4. Íàéòè óãîë ìåæäó ãðàäèåíòàìè ïîëÿ u = x2 +
+ 2y2 − z2 â òî÷êàõ P1(2; 3;−1) è P2(1;−1; 2).

Ðåøåíè å: Íàõîäèì ãðàäèåíòû ôóíêöèè u â çàäàííûõ
òî÷êàõ P1 è P2: gradu|P1

= 2x i + 4y j− 2z k|P1
= 4 i + 12 j + 2 k.

gradu|P2
= 2 i−4 j−4 k. Óãîë ϕ ìåæäó íàéäåííûìè çíà÷åíèÿìè

ãðàäèåíòîâ ôóíêöèè u îïðåäåëÿåòñÿ èç ðàâåíñòâà:

cosϕ =

(
gradu|P1,

gradu|P2

)
|gradu|P1

· |gradu|P2

.

Îòñþäà: cosϕ =
4 · 2 + 12 · (−4) + 2 · (−4)√

164
√

36
= − 48

12
√

41
= − 4√

41
.

Çàäà÷à 1.5. Íàéòè ãðàäèåíò ôóíêöèè u =
√
x3 + y3 + z3 â

òî÷êå P (1; 3; 2).
Ðåøåíè å: Ôóíêöèþ u ìîæíî ïðåäñòàâèòü â âèäå u(ϕ),

ãäå ϕ = ϕ (x, y, z) � äèôôåðåíöèðóåìàÿ ôóíêöèÿ. Ïóñòü u(ϕ)
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èìååò ïðîèçâîäíóþ ïî ϕ. Òîãäà ãðàäèåíò òàêîé ôóíêöèè ìîæíî
âû÷èñëÿòü ïî ôîðìóëå:

gradu(ϕ) =
du

dϕ
gradϕ.

Ïîëàãàåì ϕ = x3 + y3 + z3. Òîãäà u(ϕ) =
√
ϕ, (u(ϕ))′ϕ =

=
1

2
√
ϕ
. Ïóñòü ñèñòåìà êîîðäèíàò äåêàðòîâàÿ. Íàéä¼ì ãðàäèåíò:

gradϕ = 3x2 i+3y2 j+3z2 k. Îòñþäà íàõîäèì ãðàäèåíò ôóíêöèè
â òî÷êå P :

gradu(ϕ) =
3x2

2
√
x3 + y3 + z3

i +
3y2

2
√
x3 + y3 + z3

j+

+
3z2

2
√
x3 + y3 + z3

k.

gradu(ϕ)|P =
3

2
√

36
i +

27
2
√

36
j +

12
2
√

36
k =

1
4

i +
9
4

j + k.

Âàðèàíòû êîíòðîëüíûõ ðàáîò

Çàäà÷à 1.1. Íàéòè âåëè÷èíó è íàïðàâëåíèå ãðàäèåíòà

ïîëÿ â òî÷êå A (1; 1; 1). Â êàêîé òî÷êå ãðàäèåíò ïîëÿ ðàâåí

íóëþ? Â êàêèõ òî÷êàõ ïðîñòðàíñòâà îí ïåðïåíäèêóëÿðåí îñÿì

êîîðäèíàò?

1. u = x2 + 2 y2 + 3 z2 + x y + 3x− 2 y − 6 z.
2. u = x2 + y2 + 2 z2 + 2xy − 6x− 6 y − 4 z.
3. u = 3x2 − y2 + z2 − 4xy − 4x+ 12 y − 6 z.
4. u = 2x2 + y2 + 6 z2 + 3xy + x+ y + 12 z.
5. u = 4x2 + 2 y2 − 3 z2 − 2xy − 2x− 10 y + 12 z.
6. u = x2 + 4 y2 + 6 z2 − 2xy − 6 z.
7. u = x2 + y2 + z2 − 2x+ 2 y − 4 z − 10.
8. u = x2 + y2 + z2 − xz − yz + 2x+ 2 y + 2 z.
9. u = x2 + 5 y2 + 4 z2 − 4 yz − 6x− 6 y − 4 z.
10. u = 2x2 + 5 y2 + 3 z2 − 5 yz − 4x− 5 y − 8 z.

12



11. u = 3x2 − 3 y2 − 4 z2 + 10 yz + 6x+ 8 y − 22 z.
12. u = 3x2 + y2 + 2 z2 − 7xz + 2x− 8 y + 6 z.
13. u = −x2 + 5 y2 − 3 z2 + 2xz + 2x+ 10 y + 6 z.
14. u = x2 + 4 y2 − 2 z2 + 2xz − 10x− 16 y − 4 z.
15. u = −2x2 + 2 y2 + z2 − 3xz + x− 12 y − 12 z.

Çàäà÷à 1.2. Íàéòè ïðîèçâîäíóþ ñêàëÿðíîãî ïîëÿ u =
= u(x, y, z) â íàïðàâëåíèè ãðàäèåíòà ïîëÿ v = v(x, y, z) â

òî÷êå A.

1. u = −2x2 +2y2 +z2−3xz+x+12y−12z, v = xy−2yz+3xz,
A(2; 1; 1).
2. u = x2 + 4y2 − 2z2 + 2xz − 10x− 16y − 4z, v = x2 + y2 + z2,
A(3; 4; 0).
3. u = −x2 + 5y2 − 3z2 + 2xz + 2x + 10y + 6z, v = 2x2y2z2,
A(1;−1; 1).
4. u = 3x2 + y2 + 2z2 − 7xz + 2x − 8y + 6z, v =

x

y
+
y

z
+
z

x
,

A(1; 1/2; 1).
5. u = 3x2−3y2−4z2 +10yz+6x+8y−22z, v = xy2 +yz2−xyz,
A(−1; 2; 1).
6. u = 2x2+5y2+3z2−5yz−4x−5y−8z, v = x2yz+xy2z−xyz2,
A(1;−1; 1).
7. u = x2 + 5y2 + 4z2 − 4yz − 6x − 6y − 4z, v = (x+ y + z)2 ,
A(3; 2; 1).
8. u = x2 + y2 + z2 − xz − yz + 2x + 2y + 2z, v = x3 + y3 − z3,
A(2;−2; 2).
9. u = x2 + y2 + z2 − 2x − 2y − 4z − 10, v = x2z + y2z − xyz2,
A(2; 3; 1).
10. u = x2 + 4y2 + 6z2− 2xy− 6z, v = x3 + y3 + z3, A(3; 3; 3).
11. u = 4x2+2y2−3z2−2xy−2x−10y+12z, v = ln (2x+ y + 3z) ,
A(−2;−1; 2).
12. u = 2x2 +y2 +6z2 +3xy+x+y+12z, v = ln (xyz) , A(2; 3; 1).
13. u = 3x2 − y2 + z2 − 4yx − 4x + 12y − 6z, v =

√
x+ y + z,

A(2; 3; 1).
14. u = x2 +y2 +2z2 +2xy−6x−6y−4z, v = 2x2−y2 +4z2−xyz,
A(1;−3;−1).
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15. u = x2 + 2y2 + 3z2 + xy + 3x − 2y − 6z, v = y2 − x2 − z2,
A(0; 4; 3).

Çàäà÷à 1.3. ßâëÿþòñÿ ëè îðòîãîíàëüíûìè ïîâåðõíîñòè

óðîâíÿ çàäàííûõ ñêàëÿðíûõ ïîëåé?

1. u = x2 + y2 − z2, v = xz + yz.
2. u = x2 + y2 − 2z2, v = xyz.
3. u = x2 + y2 − z2, v = xz − zy.

4. u = ln
(
x2 + y2 + z2

)
, v = ln

(
xz

y2

)
.

5. u = 2y2 + z2 − x2, v = ln
(
x2 (y + z)

)
.

6. u = x2 + z2 − 2 y2, v = ln (xyz) .
7. u = 2x2 + 2 z2 − y2, v = 3xy2 + 4 zy2.
8. u = 2 y2 − 4x2 − 4 z2, v = xy2 − zy2.
9. u = 4x2 + 4 z2 − 4 y2, v = 7 yx+ 8 yz.
10. u = 4x2 − 2 z2 + 4 y2, v = 2xz2 + 2 yz2.
11. u = z2 − 2x2 − 2 y2, v = 3xz2 − 3 yz2.
12. u = 3 z2 − 3x2 − 3 y2, v = 2xz − 5 yz.
13. u = 2x2 + 2 y2 − 2 z2, v = 5xz + 4 yz.
14. u = z2 − 2x2 − 2 y2, v = yz2 − xz2.
15. u = 2x2 − y2 + 2 z2, v = ln

(
y2 (x+ z)

)
.

Çàäà÷à 1.4. Íàéòè óãîë ìåæäó ãðàäèåíòàìè ïîëÿ u â

òî÷êàõ P1 è P2, ëèáî óãîë ìåæäó ãðàäèåíòàìè ôóíêöèé u è

v â òî÷êå M1.

1. u = arctg
x

y
, P1 (1; 1) , P2 (−1;−1) .

2. u = (x+ y) ex+y, P1 (0; 0) , P2 (−1; 1) .
3. u = xy2 − xyz + yz2, P1 (−1; 2; 0) , P2 (−1; 1;−1) .
4. u = ln (xyz) , P1 (2;−2; 1) , P2 (1; 2;−2) .
5. u = ln (2x+ y + 3z) , P1 (1;−3;−1) , P2 (1; 1; 0) .
6. u =

√
x+ y + z, P1 (2; 3; 4) , P2 (1; 2; 1) .

7. u = (x+ y + z)2 , P1 (3; 2; 1) , P2 (1; 1;−1) .
8. u = xy + 3xz − 2yz, P1 (2; 1; 1) , P2 (1; 3; 0) .
9. u =

√
x2 + y2 + z2, v = ln

(
x2 + y2 + z2

)
, M1 (0; 0; 1) .

10. u =
√
x2 + y2, v = x+ y +

√
xy, M1 (1; 1) .
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11. u = y2 − x2 − z2, v = ln (3x+ 5y + z) , M1 (1; 1; 2) .
12. u = x3 + y3 − z3, v = x2 + y2 + z2, M1 (1; 1;−1) .
13. u =

√
xy + z2, v = x2 +

√
yz, M1 (1; 1; 1) .

14. u =
√
x+ yz, v = ln

(
2x− z2

)
, M1 (1; 0;−1) .

15. u =
√

(x− y) z, v = x2 + yz, M1 (2; 1; 4) .

Çàäà÷à 1.5. Íàéòè ãðàäèåíò ôóíêöèè u â òî÷êå P0.

1. u = ln sin (x+ y + z) , P0 =
(π

4
;
π

4
;
π

4

)
.

2. u = ln (xyz) , P0 = (1; 1; 1) .
3. u = ln cos (x+ yz) , P0 =

(π
8

;
π

8
; 1
)
.

4. u = cos ln (x+ y + z) , P0 = (1; 1;−1) .
5. u = ln3 (x+ y + z) , P0 = (1;−1; 1) .
6. u = arctg ex+y+z, P0 = (1;−2; 1) .
7. u = arctg

√
x+ y + z, P0 = (2; 1; 1) .

8. u = arcsin
√
xyz, P0 =

(
1; 1;

3
4

)
.

9. u = ln tg (x+ y + z) , P0 =
(π

4
;
π

6
;
π

6

)
.

10. u = ln
(
1 + tg2 (x+ y + z)

)
, P0 =

(π
4

;
π

4
;
π

4

)
.

11. u = ln ctg (x+ y + z) , P0 =
( π

12
;
π

12
;
π

12

)
.

12. u = arccos
√
x+ y + z, P0 =

(
1;−1;

1
4

)
.

13. u =
√

cos (x+ y + z), P0 =
(π

3
;
π

3
;
π

3

)
.

14. u = ln cos2 (x+ y + z) , P0 =
(π

4
;−π

3
;
π

3

)
.

15. u = ln
(

1 + e2(x+y+z)
)
, P0 =

(
1
2

;
1
2

;−1
)
.

15



Ãëàâà 2

Êðèâîëèíåéíûå è ïîâåðõíîñòíûå

èíòåãðàëû

Îñíîâíûå ôîðìóëû è îïðåäåëåíèÿ

Êðèâîëèíåéíûìè íàçûâàþòñÿ èíòåãðàëû îò ôóíêöèé,
çàäàííûõ âäîëü êðèâûõ íà ïëîñêîñòè èëè â ïðîñòðàíñòâå.
Îáëàñòüþ èíòåãðèðîâàíèÿ ÿâëÿåòñÿ äóãà êóñî÷íî-ãëàäêîé
êðèâîé (íàïðàâëåííûé îòðåçîê ëèíèè â ïðîñòðàíñòâå).
Êðèâîëèíåéíûå è ïîâåðõíîñòíûå èíòåãðàëû îáëàäàþò
ñâîéñòâàìè àíàëîãè÷íûìè ñâîéñòâàì îáûêíîâåííûõ
îïðåäåëåííûõ èíòåãðàëîâ. Åñëè ïîäûíòåãðàëüíîé ÿâëÿåòñÿ
ñêàëÿðíàÿ ôóíêöèÿ, òàêîé èíòåãðàë íàçûâàåòñÿ èíòåãðàëîì I
ðîäà, åñëè âåêòîðíàÿ ôóíêöèÿ � èíòåãðàëîì II ðîäà.

Èíòåãðàë II ðîäà çàâèñèò îò îðèåíòàöèè êðèâîé
èíòåãðèðîâàíèÿ L: ïðè èçìåíåíèè îðèåíòàöèè ýòîé êðèâîé
èíòåãðàë ìåíÿåò çíàê. Äëÿ çàìêíóòîãî êîíòóðà, íå èìåþùåãî
òî÷åê ñàìîïåðåñå÷åíèÿ, ìîæíî óêàçàòü äâà íàïðàâëåíèÿ
îáõîäà: ïðîòèâ ÷àñîâîé ñòðåëêè (ïîëîæèòåëüíàÿ îðèåíòàöèÿ) è
ïî ÷àñîâîé ñòðåëêå (îòðèöàòåëüíàÿ îðèåíòàöèÿ).

Åñëè óðàâíåíèÿ äóãè çàäàíû â ïàðàìåòðè÷åñêîé ôîðìå: x =
= x(t), y = y(t), z = z(t), t ∈ [t0, t1] èíòåãðàë II ðîäà ñâîäèòñÿ ê
îáûêíîâåííîìó îïðåäåëåííîìó èíòåãðàëó ïî ôîðìóëå:∫

L

ax dx+ ay dy + az dz =

t1∫
t0

(ax ẋ(t) + ay ẏ(t) + az ż(t)) dt,

ãäå êîìïîíåíòû ïîëÿ èìåþò âèä: ax = ax(x(t), y(t), z(t)), ay =
= ay(x(t), y(t), z(t)), az = az(x(t), y(t), z(t)).

Âû÷èñëåíèå ïîâåðõíîñòíîãî èíòåãðàëà I ðîäà ñâîäèòñÿ ê
âû÷èñëåíèþ îáû÷íîãî äâîéíîãî èíòåãðàëà. Åñëè óðàâíåíèå
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ïîâåðõíîñòè èìååò âèä z = f(x, y), à îáëàñòü S ïðîåêòèðóåòñÿ
íà ïëîñêîñòü Oxy â îáëàñòü D, òîãäà:∫∫

S

u (x, y, z) dσ =
∫∫
D

u (x, y, z)

√
1 +

(
∂z

∂x

)2

+
(
∂z

∂y

)2

dxdy.

Âìåñòî ïëîñêîñòè Oxy ïîâåðõíîñòü S ìîæíî ïðîåêòèðîâàòü
íà ïëîñêîñòè Oxz èëè Oyz.

Âû÷èñëåíèå ïîâåðõíîñòíîãî èíòåãðàëà II ðîäà ñâîäèòñÿ ê
âû÷èñëåíèþ èíòåãðàëà I ðîäà:∫∫

S

(a, n◦) dσ =
∫∫
S

(ax cosα+ ay cosβ + az cos γ) dσ,

ãäå n◦ = (cosα, cosβ, cos γ) � åäèíè÷íàÿ íîðìàëü ê
ïîâåðõíîñòè, èëè ê âû÷èñëåíèþ ñóììû òðåõ äâîéíûõ
èíòåãðàëîâ:∫∫

S

(a, dσ) =
∫∫
D1

ax (x(y, z), y, z) dydz+

+
∫∫
D2

ay (x, y(x, z), z) dxdz +
∫∫
D3

az (x, y, z(x, y)) dxdy,

ãäå D1 D2 D3 � ïðîåêöèè S ñîîòâåòñòâåííî íà ïëîñêîñòè Oyz,
Oxz, Oxy, à x(y, z) y(x, z) z(x, y) � âûðàæåíèÿ, ïîëó÷åííûå
èç óðàâíåíèÿ ïîâåðõíîñòè S ðàçðåøåíèåì îòíîñèòåëüíî
ñîîòâåòñòâóþùèõ êîîðäèíàò.

Ïðàêòè÷åñêîå çàíÿòèå

Çàäà÷à 2.1. Âû÷èñëèòü êðèâîëèíåéíûé èíòåãðàë ïåðâîãî ðîäà
ïî äóãå, çàäàííîé ïàðàìåòðè÷åñêèìè óðàâíåíèÿìè:∫
L

(
x2 + y2 + z2

)
dl, x = et cos t, y = et sin t, z = et, t ∈

[
0,

1
3

]
.

Ðåøåíè å: Âû÷èñëåíèå èíòåãðàëà ïåðâîãî ðîäà ñâîäèòñÿ ê
âû÷èñëåíèþ îáûêíîâåííîãî îïðåäåë¼ííîãî èíòåãðàëà. Â íàøåì
ñëó÷àå óðàâíåíèå äóãè L çàäàíî â ïàðàìåòðè÷åñêîé ôîðìå: x =
= x(t), y = y(t), z = z(t), t ∈ [t1, t2] . Òîãäà:

17



∫
L

f(M) dl =

t2∫
t1

f (x(t), y(t), z(t))
√

(ẋ(t))2 + (ẏ(t))2 + (ż(t))2 dt.

Ïîäûíòåãðàëüíàÿ ôóíêöèÿ â íîâîé ïåðåìåííîé t áóäåò
èìåòü âèä: x2 + y2 + z2 = e2t cos2 t + e2t sin2 t + e2t =
= 2e2t. Âû÷èñëèì äèôôåðåíöèàë äëèíû äóãè êðèâîé: ẋ(t) =
= et cos t − et sin t, (ẋ(t))2 = e2t (1− sin 2t), ẏ(t) = et sin t +
+ et cos t, (ẏ(t))2 = e2t (1 + sin 2t), ż(t) = et, (ż(t))2 = e2t.
Òîãäà: d l =

√
e2t (1− sin 2t) + e2t (1 + sin 2t) + e2t dt =

√
3et.

Ïîäñòàâëÿÿ íàéäåííûå âûðàæåíèÿ â èíòåãðàë ïîëó÷àåì:∫
L

(
x2 + y2 + z2

)
dl =

1/3∫
0

2
√

3e3t dt =
2(e− 1)√

3
.

Çàäà÷à 2.2. 1) Âû÷èñëèòü ïëîùàäü ïîâåðõíîñòè, îãðàíè÷åííîé
òðåóãîëüíîé ïëîùàäêîé ñ âåðøèíàìè A(1; 0; 0), B(0; 5; 0),
C(0; 0; 5), 2) Âû÷èñëèòü ïîâåðõíîñòíûé èíòåãðàë ïåðâîãî ðîäà:∫∫

S

(2x− y + z) dσ.

Ðåøåíè å: 1) Èñêîìàÿ ïëîùàäü ïîâåðõíîñòè � ýòî
ïëîùàäü òðåóãîëüíèêà 4ABC. Óðàâíåíèåì ïîâåðõíîñòè áóäåò
óðàâíåíèå ïëîñêîñòè, â êîòîðîé ëåæèò 4ABC. Èç òî÷êè ìîæíî
ïðîâåñòè äâà âåêòîðà

−−→
AB è

−→
AC èìåþùèå êîîðäèíàòû:

−−→
AB =

= (x2 − x1, y2 − y1, z2 − z1) ,
−→
AC = (x3 − x1, y3 − y1, z3 − z1) .

Ïðîâåä¼ì èç òî÷êè A òðåòèé âåêòîð â ò. M(x, y, z) �
ïðîèçâîëüíàÿ òî÷êà íà òîé æå ïëîñêîñòè. Âîñïîëüçóåìñÿ
óñëîâèåì êîìïëàíàðíîñòè òð¼õ âåêòîðîâ � îïðåäåëèòåëü,
ñîñòàâëåííûé èç êîîðäèíàò ýòèõ âåêòîðîâ äîëæåí áûòü ðàâåí
íóëþ, åñëè âñå òðè âåêòîðà ëåæàò â îäíîé ïëîñêîñòè. Îòñþäà
ïîëó÷àåì: ∣∣∣∣∣∣∣∣

x− x1 y − y1 z − z1
x2 − x1 y2 − y1 z2 − z1
x3 − x1 y3 − y1 z3 − z1

∣∣∣∣∣∣∣∣ = 0.
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Ïîäñòàâëÿÿ ñþäà êîîðäèíàòû òî÷åê ïîëó÷àåì èñêîìîå
óðàâíåíèå: ∣∣∣∣∣∣∣∣

x− 1 y z

−1 5 0

−1 0 5

∣∣∣∣∣∣∣∣ = 5x+ y + z − 5 = 0.

Èëè z = 5 − 5x − y. Ïëîùàäü ïîâåðõíîñòè èùåòñÿ ïî ôîðìóëå:
S4 =

∫∫
S

dσ, S � îáëàñòü èíòåãðèðîâàíèÿ (èñêîìàÿ ïîâåðõíîñòü).

Ïîâåðõíîñòíûé èíòåãðàë ìîæíî ñâåñòè ê äâîéíîìó èíòåãðàëó,
ñïðîåêòèðîâàâ åãî íà îäíó èç êîîðäèíàòíûõ ïëîñêîñòåé,

íàïðèìåð xOy. Òîãäà: S4 =
∫∫
D

√
1 + (z′x)2 + (z′y)2 dxdy, ãäå

îáëàñòü D � åñòü òðåóãîëüíèê 4OAB. Â ñâîþ î÷åðåäü äâîéíîé
èíòåãðàë ñâîäèòñÿ ê ïîâòîðíûì èíòåãðàëàì. Ïóñòü ïîñëåäíåå
èíòåãðèðîâàíèå ïðîâîäèòñÿ ïî ïåðåìåííîé x. Òàê êàê áûëà
ñäåëàíà ïðîåêöèÿ 4ABC íà 4OAB â óðàâíåíèè ïîâåðõíîñòè
ñëåäóåò ïîëîæèòü z = 0. Òîãäà: 5x + y = 5. Îòñþäà íàõîäèì
îáëàñòè èíòåãðèðîâàíèÿ: 0 6 y 6 5 − 5x, 0 6 x 6 1. Òîãäà:

S4 =
1∫
0

dx
5−5x∫

0

√
1 + (z′x)2 + (z′y)2dy, ãäå z

′
x = (5− 5x− y)′x = −5,

z′y = (5− 5x− y)′y = −1,
√

1 + (z′x)2 + (z′y)2 =
√

1 + 25 + 1 =

= 3
√

3. Ïîäñòàâëÿÿ â ïîëó÷åííûé èíòåãðàë íàõîäèì:

S4 = 3
√

3

1∫
0

dx

5−5x∫
0

dy = 3
√

3

1∫
0

(5− 5x) dx =
15
√

3
2

(êâ. åä.)

Ïðè âû÷èñëåíèè ïîâåðõíîñòíîãî èíòåãðàëà ìîæíî áûëî áû
äåëàòü ïðîåêöèþ íà äðóãóþ êîîðäèíàòíóþ ïëîñêîñòü, íàïðèìåð
xOz. Â ýòîì ñëó÷àå 4ABC ïðîåêòèðóåòñÿ íà 4OAC. Â
óðàâíåíèè ïîâåðõíîñòè ñëåäóåò ïîëîæèòü y = 0 è îáëàñòüþ
èíòåãðèðîâàíèÿ áóäóò íåðàâåíñòâà: 0 6 z 6 5− 5x, 0 6 x 6 1. Ñ
òî÷íîñòüþ äî çàìåíû y → z ìû ïîëó÷èëè òîò æå èíòåãðàë.

Ìîæíî ñäåëàòü òàêæå ïðîåêöèþ 4ABC íà ïëîñêîñòü
yOz. Òîãäà ïîëó÷èì 4OBC. Çäåñü â óðàâíåíèè ïîâåðõíîñòè(
x = 1− y

5
− z

5

)
íàäî ïîëîæèòü x = 0, ò. å. y + z = 5.
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Åñëè âòîðîå èíòåãðèðîâàíèå ïðîâîäèòü ïî ïåðåìåííîé y,
òî îáëàñòÿìè èíòåãðèðîâàíèÿ â ïîâòîðíûõ èíòåãðàëàõ
áóäóò íåðàâåíñòâà: 0 6 y 6 5, 0 6 z 6 5 − y. Òîãäà
ïëîùàäü ïîâåðõíîñòè âû÷èñëÿåòñÿ ïî ôîðìóëå: S4 =

=

5∫
0

dy

5−y∫
0

√
1 + (x′y)2 + (x′z)2dz, ãäå x

′
y =

(
1− y

5
− z

5

)′
y

= −1
5
,

x′z =
(

1− y

5
− z

5

)′
z

= −1
5
, îòñþäà

√
1 + (x′y)2 + (x′z)2 =

3
√

3
5
.

Ïîäñòàâëÿÿ â ïîëó÷åííûé èíòåãðàë íàõîäèì:

S4 =
3
√

3
5

5∫
0

dy

5−y∫
0

dz =
3
√

3
5

5∫
0

(5− y) dy =
15
√

3
2

(êâ. åä.)

2) Çàïèøåì çàäàííûé èíòåãðàë â âèäå ïîâòîðíûõ
èíòåãðàëîâ, èñïîëüçóÿ ðåøåíèå ïðåäûäóùåé çàäà÷è:

∫∫
S

(2x− y + z) dσ = 3
√

3

1∫
0

dx

5−5x∫
0

(2x− y + z) dy =

= |z = 5− 5x− y| = 3
√

3

1∫
0

dx

5−5x∫
0

(5− 3x− 2y) =

= 30
√

3

1∫
0

(
x− x2

)
dx = 5

√
3.

Çàäà÷à 2.3. Âû÷èñëèòü ðàáîòó ñèëîâîãî ïîëÿ F =
−y i + x j
x2 + y2

+

+ z k ïðè ïåðåìåùåíèè ìàòåðèàëüíîé òî÷êè âäîëü âèòêà
âèíòîâîé ëèíèè èç òî÷êè t1 = 0 â òî÷êó t2 = 2π â íàïðàâëåíèè
âîçðàñòàíèÿ ïàðàìåòðà t.

Ðåøåíè å: Çàïèøåì ïàðàìåòðè÷åñêîå óðàâíåíèå âèíòîâîé
ëèíèè:

x = a cos t,
y = a sin t,
z = ht,

a = const, b = const, h = const, 0 6 t 6 2π.
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Îòñþäà: dx = −a sin t dt, dy = a cos t dt, dz = h dt. Íàéä¼ì
âûðàæåíèÿ êîìïîíåíò âåêòîðíîãî ïîëÿ â íîâûõ îáîçíà÷åíèÿõ:

ax = − y

x2 + y2
= −sin t

a
, ay =

x

x2 + y2
=

cos t
a

, az = ht.

Ðàáîòà ñèëîâîãî ïîëÿ A ïðåäñòàâëÿåò ñîáîé êðèâîëèíåéíûé
èíòåãðàë âòîðîãî ðîäà è âû÷èñëÿåòñÿ ïî ôîðìóëå:

A =
∫
L

adr =
∫
L

axdx+ aydy + azdz.

Òîãäà: A =

2π∫
0

(
1 + h2t

)
dt = 2π

(
1 + πh2

)
.

Çàäà÷à 2.4. 1) Íàéòè öèðêóëÿöèþ âåêòîðíîãî ïîëÿ a =

= y i − x j âäîëü ýëëèïñà
x2

a2
+

y2

b2
= 1 ñ îòðèöàòåëüíûì

íàïðàâëåíèåì îáõîäà. 2) Âû÷èñëèòü öèðêóëÿöèþ âåêòîðíîãî
ïîëÿ a =

(
xy + x2 + y2

)
i+
(
x2 − y2

)
j âäîëü çàìêíóòîãî êîíòóðà

L ñ ïîëîæèòåëüíûì íàïðàâëåíèåì îáõîäà. Çàìêíóòûé êîíòóð L
îáðàçóåò òðåóãîëüíèê OAB ñ âåðøèíàìè O(0; 0), A(1; 2), B(0; 2).

Ðåøåíè å: 1) Öèðêóëÿöèþ âåêòîðíîãî ïîëÿ áóäåì èñêàòü ïî
ôîðìóëå:

C(a) =
∮
L

a d r =
∮
L

axdx+ aydy.

ãäå ax è ay � ñîîòâåòñòâóþùèå êîìïîíåíòû âåêòîðíîãî ïîëÿ a.
Çàïèøåì ïàðàìåòðè÷åñêîå óðàâíåíèå ýëëèïñà:{

x = a cos t,
y = b sin t.

Îòñþäà ñëåäóåò: dx = −a sin t dt, dy = b cos t dt, ax = y =
= b sin t, ay = −x = −a cos t. Ïîäñòàâëÿÿ íàéäåííûå çíà÷åíèÿ â
âûðàæåíèå äëÿ öèðêóëÿöèè ïîëó÷àåì: axdx+aydy = −ab sin2 t−
ab cos2 t = −ab:
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C(a) = −
2π∫
0

(−ab)dt = 2πab.

2) Êðèâàÿ L ñîñòàâëåíà èç òð¼õ îðèåíòèðîâàííûõ ãëàäêèõ
êðèâûõ, à èìåííî, îòðåçêîâ [OA], [AB] è [BO]. Çàïèøåì
óðàâíåíèÿ ýòèõ îòðåçêîâ. Äëÿ [OA] ñîñòàâëÿåì óðàâíåíèå

ïðÿìîé, ïðîõîäÿùåå ÷åðåç äâå çàäàííûå òî÷êè:
y − y1

y2 − y1
=

=
x− x1

x2 − x1
, y1 = 0, x1 = 0, y2 = 2, x2 = 1, îòñþäà ñëåäóåò:

y/2 = x èëè y = 2x. Òîãäà: OA = {x = x, y = 2x, 0 6 x 6 1}.
Àíàëîãè÷íî íàõîäèì óðàâíåíèÿ äëÿ îòðåçêîâ [AB] è

[BO]. AB = {x = x, y = 2, x ∈ [1, 0]} , dy = 0, BO =
= {x = 0, y = y, y ∈ [2, 0]} , dx = 0. Çäåñü ãðàíèöû îòðåçêîâ
çàäàíû â ñîîòâåòñòâèè ñ íàïðàâëåíèåì îáõîäà êîíòóðà. Ðàçîáü¼ì
èíòåãðàë íà ñóììó òð¼õ èíòåãðàëîâ:

C =
∮
L

a d r =
∫
OA

a d r +
∫
AB

a d r +
∫
BO

a d r.

è âû÷èñëèì èõ íà êàæäîì îòðåçêå â îòäåëüíîñòè.
Íà [OA] äèôôåðåíöèðîâàíèå ïðîâîäèòñÿ ïî ïåðåìåííîé x.

Çíà÷èò: dy = 2dx. Îòñþäà:
(
x2 + y2 + xy

)
dx +

(
x2 − y2

)
dy =

=
(
x2 + 4x2 + 2x2

)
dx+ 2

(
x2 − 4x2

)
dx = x2dx.

Íà [AB]:
(
x2 + y2 + xy

)
dx+

(
x2 − y2

)
dy =

(
x2 + 2x+ 4

)
dx.

Íà [BO]:
(
x2 + y2 + xy

)
dx+

(
x2 − y2

)
dy = −y2dy.

Ñëåäîâàòåëüíî, öèðêóëÿöèÿ C âåêòîðíîãî ïîëÿ a áóäåò:

C =
∮
L

a d r =

1∫
0

x2dx +

0∫
1

(
x2 + 2x+ 4

)
dx −

0∫
2

y2dy = −7
3
.

Çàäà÷à 2.5. Âû÷èñëèòü ïîòîê âåêòîðíîãî ïîëÿ a = 2 i − x j +
+ 5z k ÷åðåç ïîâåðõíîñòü, çàäàííóþ òðåóãîëüíîé ïëîùàäêîé ñ
âåðøèíàìè â òî÷êàõ A(6; 0; 0), B(0; 3; 0), C(0; 0; 2) â íàïðàâëåíèè
âíåøíåé íîðìàëè.
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Ðåøåíè å: Ïóñòü S � îðèåíòèðîâàííàÿ ïîâåðõíîñòü,
ðàñïîëîæåííàÿ â îáëàñòè V , â êîòîðîé çàäàíî âåêòîðíîå ïîëå
a. Ïîâåðõíîñòíûé èíòåãðàë:

Π =
∫∫
S

a dS =
∫∫
S

(a, n◦) dS.

íàçûâàåòñÿ ïîòîêîì âåêòîðíîãî ïîëÿ a ÷åðåç çàäàííóþ
ñòîðîíó ïîâåðõíîñòè S. Â íàøåé çàäà÷å óðàâíåíèåì ïîâåðõíîñòè
ÿâëÿåòñÿ óðàâíåíèå ïëîñêîñòè, ïðîõîäÿùåé ÷åðåç òðè çàäàííûå

òî÷êè A, B, C: x + 2y + 3z − 6 = 0. Îòñþäà èìååì: z = −1
3
x −

− 2
3
y + 2. Òàê êàê ïîâåðõíîñòü çàäàíà óðàâíåíèåì z = f(x, y),

òî åäèíè÷íûé âåêòîð íîðìàëè ê íåé âû÷èñëÿåòñÿ ïî ôîðìóëå:

n◦ =
−∂f
∂x i− ∂f

∂y j + k

±
√

1 +
(
∂f
∂x

)2
+
(
∂f
∂y

)2
.

Çäåñü çíàê (+) ñîîòâåòñòâóåò âåðõíåé ñòîðîíå ïîâåðõíîñòè,
(−) � íèæíåé. Ïî óñëîâèþ íàøåé çàäà÷è íàäî âçÿòü (+). Òîãäà
íàïðàâëÿþùèå êîñèíóñû íîðìàëüíîãî âåêòîðà áóäóò:

cosα =
1/3√

1 + 1/9 + 4/9
=

1√
14
, cosβ =

2/3√
1 + 1/9 + 4/9

=
2√
14
,

cos γ =
1√

1 + 1/9 + 4/9
=

3√
14
.

Ñëåäîâàòåëüíî n◦ =
1√
14

( i + 2 j + 3 k) . Íàéä¼ì ñêàëÿðíîå

ïðîèçâåäåíèå: (a, n◦) =
2√
14
− 2x√

14
+

15z√
14
. Îòñþäà ïîëó÷àåì:∫∫

S

a dS =
1√
14

∫∫
S

(2− 2x+ 15z) dS.

Ñïðîåêòèðóåì ïîâåðõíîñòü S íà ïëîñêîñòü xOy è çàìåíèì
ïîâåðõíîñòíûé èíòåãðàë ïåðâîãî ðîäà äâîéíûì èíòåãðàëîì:
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Π =
1√
14

∫∫
P

(
2− 2x+ 15

(
2− 1

3
x− 2

3
y

)) √
14
3

dxdy.

Ïðè âû÷èñëåíèè äâîéíîãî èíòåãðàëà ïî îáëàñòè P ïåðåõîäèì ê
ïîâòîðíîìó èíòåãðàëó. Íàéä¼ì ïðåäåëû èíòåãðèðîâàíèÿ: 0 �
� x� 6, òàê êàê z = 0, îòñþäà ñëåäóåò: x+ 2y = 6, y = 3− x/2,
ò. å. 0 6 y 6 3− x/2. Òîãäà:

Π =
1
3

6∫
0

dx

3−x/2∫
0

(32− 7x− 10y) dy = 24.

Çàäà÷à 2.6. Äëÿ âåêòîðíîãî ïîëÿ a = z i − y j + 2z k íàéòè
ïîòîê ÷åðåç âñþ ïîâåðõíîñòü òåòðàýäðà ñ âåðøèíàìè â òî÷êàõ
O (0, 0, 0), A (2, 0, 0), B (0, 3, 0), C (0, 0, 6) â íàïðàâëåíèè âíåøíåé
íîðìàëè.

Ðåøåíè å: Òàê êàê ïîâåðõíîñòü ñîñòîèò èç ÷åòûð¼õ
òðåóãîëüíèêîâ: ABC, ACO, OCB, AOB, òî ïîòîê âåêòîðíîãî
ïîëÿ a ðàâåí:

Π =
∫∫
4ABC

(a, n◦) dS +
∫∫
4ACO

(a, n◦) dS+

+
∫∫
4OCB

(a, n◦) dS +
∫∫
4AOB

(a, n◦) dS.

Ðàññìîòðèì 4ABC. Íàéä¼ì åäèíè÷íûé âåêòîð íîðìàëè ê
âåðõíåé ñòîðîíå åãî ïîâåðõíîñòè:

n◦ =
− ∂z
∂x i− ∂z

∂y j + k√
1 +

(
∂z
∂x

)2
+
(
∂z
∂y

)2
, n◦ =

1√
14

(3 i + 2 j + k) .

Óðàâíåíèå ïëîñêîñòè, â êîòîðîé ëåæèò òðåóãîëüíèê 4ABC
èìååò âèä: 3x + 2y + z = 6. Îòêóäà: z = 6 − 3x − 2y. Òîãäà
ñêàëÿðíîå ïðîèçâåäåíèå:
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(a, n◦) =
1√
14

(3z − 2y + 2z) =
1√
14

(5z − 2y) .

Âû÷èñëèì ïîòîê âåêòîðíîãî ïîëÿ ÷åðåç 4ABC:
Π1 = 1√

14

∫∫
4ABC

(5z − 2y) dS. Ïðîåêòèðóÿ òðåóãîëüíèê ABC

íà ïëîñêîñòü xOy è çàìåíÿÿ ïîâåðõíîñòíûé èíòåãðàë äâîéíûì,
âçÿòûì ïî îáëàñòè P , ÿâëÿþùåéñÿ ïðîåêöèåé 4ABC íà
ïëîñêîñòü xOy, ïîëó÷àåì:

Π1 = 3
∫∫
P

(10− 5x− 4y) dxdy =

= −3

2∫
0

dx

3−(3/2)x∫
0

(5x+ 4y − 10) dy = 24.

Òðåóãîëüíèê ACO ëåæèò â ïëîñêîñòè xOz, óðàâíåíèå êîòîðîé
y = 0. Åäèíè÷íûé âåêòîð íîðìàëè ê ýòîé ïëîñêîñòè ðàâåí: n◦ =
= − j. Îòñþäà ñëåäóåò: (a, n◦) = z · 0 + (−y) · (−1) + 2z · 0 = y.

Π2 =
∫∫
4ACO

ydS =
∫∫
4ACO

0dxdz = 0.

Òðåóãîëüíèê OCB ðàñïîëîæåí â ïëîñêîñòè yOz, óðàâíåíèå
êîòîðîé x = 0. Åäèíè÷íûì âåêòîðîì íîðìàëè ê âûáðàííîé
ñòîðîíå ÿâëÿåòñÿ âåêòîð n◦ = − i. Îòñþäà ñëåäóåò: (a, n◦) =
= z · (−1) + (−y) · 0 + 2z · 0 = −z.

Π3 =
∫∫
4OCB

(a, n◦) dS = −
∫∫
4OCB

zdydz = −
3∫

0

dy

6−2y∫
0

zdz = −18.

Òðåóãîëüíèê AOB ðàñïîëîæåí â ïëîñêîñòè xOy, óðàâíåíèå
êîòîðîé z = 0. Â êà÷åñòâå åäèíè÷íîãî âåêòîðà íîðìàëè íàäî
âçÿòü âåêòîð n◦ = −k. Îòñþäà ñëåäóåò: (a, n◦) = z · 0 + (−y) ·
0 + 2z · (−1) = −2z.
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Π4 = −2
∫∫
4AOB

(a, n◦) dS = −2
∫∫
4AOB

zdxdy =
∫∫
4AOB

0dxdy = 0.

Òàêèì îáðàçîì, èñêîìûé ïîòîê ðàâåí: Π = 24 + 0− 18 + 0 = 6.

Âàðèàíòû êîíòðîëüíûõ ðàáîò

Çàäà÷à 2.1. Âû÷èñëèòü êðèâîëèíåéíûé èíòåãðàë ïåðâîãî

ðîäà ïî äóãå, çàäàííîé ïàðàìåòðè÷åñêèìè óðàâíåíèÿìè.

1.

∫
L

y

x+ 3z
dl, x = t, y =

√
2

2
t2, z =

t3

3
, t ∈ [0,

√
2].

2.

∫
L

x+ y

z2
dl, x =

√
3

3
et cos t, y =

√
3

3
et sin t, z =

√
3

3
et, t ∈ [0, π].

3.

∫
L

(
x2 + y2 + z

)
dl, x =

√
t cos t, y =

√
t sin t, z = t, t ∈ [0, 1].

4.

∫
L

z2

x2 + y2
dl, x = e−t cos t, y = e−t sin t, z = e−t, t ∈ [0,+∞).

5.

∫
L

(
x2 + y2 − z2

)
dl, x = 4 sin t, y = 4 cos t, z = 3t, t ∈ [0, 3].

6.

∫
L

(
x2 + y2 − 2z2

)
dl, x= t sin t, y= t cos t, z=2

√
2

3
t3/2, t∈ [0, 1].

7.

∫
L

(
x2 + yz

)
dl, x = t, y = t2, z =

2t3

3
, t ∈ [0, 1].

8.

∫
L

(x+ y + z) dl, x =
t

2
+

1
2

sin t, y =
1
2

+
1
2

cos t, z = 2 sin
t

2
,

t ∈ [0, π].

9.

∫
L

(
x2

y2
+ z2

)
dl, x=2 (1 + cos t) , y=2 sin t, z=4, t∈

[π
2
, π
]
.

10.

∫
L

(
x2 − y2 + z2

)
dl, x = 6 sin t, y = 6 cos t, z = 8t, t ∈

[
0,
π

2

]
.

26



11.

∫
L

(zx+yz) dl, x=
(t−sin t)

2
, y=

(1−cos t)
2

, z=2 cos
t

2
, t∈ [0, 2π].

12.

∫
L

x2 + y2

z3
dl, x=

√
3et cos t, y=

√
3et sin t, z=

√
3et, t∈ [0, 1].

13.

∫
L

y2 + x3

z
dl, x = t, y =

t2√
2
, z =

t3

3
, t ∈ [1, 2].

14.

∫
L

(
x2 + y2 + z

)
dl, x=2

√
t cos t, y=2

√
t sin t, z=2t, t∈ [0, 1].

15.

∫
L

(
x

y
+ z

)
dl, x = 3 sin t, y = 3 cos t, z = 4t, t ∈

[
0,
π

3

]
.

Çàäà÷à 2.2. 1) Âû÷èñëèòü ïëîùàäü ïîâåðõíîñòè,

îãðàíè÷åííîé òðåóãîëüíîé ïëîùàäêîé S ñ âåðøèíàìè A,
B, C. 2) Âû÷èñëèòü ïîâåðõíîñòíûé èíòåãðàë ïåðâîãî ðîäà:

1.

∫∫
S

(xy + yz + xz) dσ, A(4; 0; 0), B(0; 4; 0), C(0; 0; 8).

2.

∫∫
S

xyz dσ, A(2; 0; 0), B(0; 2; 0), C(0; 0; 4).

3.

∫∫
S

(x− 2y + z) dσ, A(2; 0; 0), B(0; 3; 0), C(0; 0; 6).

4.

∫∫
S

(
y2 − x2

)
dσ, A(2; 0; 0), B(0; 4; 0), C(0; 0; 8).

5.

∫∫
S

(xy + yz + zx) dσ, A(1; 0; 0), B(0; 4; 0), C(0; 0; 4).

6.

∫∫
S

(
z − x2 − y2

)
dσ, A(2; 0; 0), B(0; 1; 0), C(0; 0; 4).

7.

∫∫
S

x (z − y) dσ, A(4; 0; 0), B(0; 2; 0), C(0; 0; 8).

8.

∫∫
S

(x+ 2y − z) dσ, A(3; 0; 0), B(0; 2; 0), C(0; 0; 6).
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9.

∫∫
S

(
x2 + y2 − z

)
dσ, A(3; 0; 0), B(0; 4; 0), C(0; 0; 12).

10.

∫∫
S

(zx− y) dσ, A(2; 0; 0), B(0; 5; 0), C(0; 0; 10).

11.

∫∫
S

x (y + z) dσ, A(2; 0; 0), B(0; 6; 0), C(0; 0; 6).

12.

∫∫
S

y (x− z) dσ, A(4; 0; 0), B(0; 2; 0), C(0; 0; 4).

13.

∫∫
S

(2x− y + z) dσ, A(1; 0; 0), B(0; 5; 0), C(0; 0; 5).

14.

∫∫
S

(3z − 2x− y) dσ, A(3; 0; 0), B(0; 1; 0), C(0; 0; 3).

15.

∫∫
S

x (y − z) dσ, A(1; 0; 0), B(0; 3; 0), C(0; 0; 3).

Çàäà÷à 2.3. Âû÷èñëèòü ðàáîòó ñèëîâîãî ïîëÿ F ïðè

ïåðåìåùåíèè ìàòåðèàëüíîé òî÷êè âäîëü ëèíèè r, çàäàííîé

âåêòîðíûì ïàðàìåòðè÷åñêèì óðàâíåíèåì:

1. F = z i + x j + y k, r = t i + t2 j + t3 k, t ∈ [0, 1] .
2. F = −yz i + xz j + xy k,
r = a cos t i + a sin t j + htk, t ∈ [0, 2π] .
3. F =

(
y2 − z2

)
i + 2 yz j− x2 k,

r = t i + t2 j + t3 k, t ∈ [0, 1] .
4. F = y i + z j + xk,
r = a cos t i + a sin t j + htk, t ∈ [0, 2π] .
5. F = x i + y j + z k,
r = et cos t i + et sin t j + et k, t ∈ (−∞, 0] .
6. F = (y + z) i + (x− z) j + (y − x) k,

r = a (t− sin t) i + a (1− cos t) j + 4 a sin
t

2
k, t ∈ [0, 2π] .

7. F = (z − y) i + (x+ z) j + k,
r = 3 (1 + cos t) i + 3 sin t j + 3 sin t (1 + cos t) k, t ∈ [0, π] .
8. F = (y − z) i + (z − x) j +

(
x2 + y2

)
k,
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r = 2 et cos t i + 2 et sin t j + 2 et k, t ∈ (−∞, 0] .
9. F = 2x i− 3 y j + z2 k,

r = a (t− sin t) i + a (1− cos t) j + 4 a sin
t

2
k, t ∈ [0, 2π] .

10. F = x i + y j + z k,
r = 4 (cos t+ 1) i + 4 sin t j + 4 sin t (1 + cos t) k, t ∈

[
0, π2

]
.

11. F = xy i + yz j− xy k, r =
√
t i + t j + t3/2 k, t ∈ [0, 1] .

12. F = (x+ 3 y + 2 z) i + (2x+ z) j + (x− y) k,
r = 3 cos t i + 3 sin t j + 5 tk, t ∈ [0, 2π] .
13. F = xy i + y2 j− x2 k,

r = (t− sin t) i + (1− cos t) j + 4 sin
t

2
k, t ∈ [0, 2π] .

14. F = (3x− 1) i + (y − x+ z) j + 4 z k,
r = 4 et cos t i + 4 et sin t j + 4 et k, t ∈ (−∞, 0] .
15. F = (x+ y) i + (x− z) j + (y + z) k,
r = t i + t2 j + t3 k, t ∈ [0, 1] .

Çàäà÷à 2.4. Âû÷èñëèòü öèðêóëÿöèþ âåêòîðíîãî ïîëÿ a
âäîëü çàìêíóòîãî êîíòóðà L ñ îòðèöàòåëüíûì íàïðàâëåíèåì

îáõîäà:

1. a = y2 i + xy j, L = {A(1; 1); B(1; 5); C(5; 1)}.
2. a = x2 i + y2 j, L =

{
x2 + y2 = 16

}
.

3. a = xy i + y2 j, L = {A(0; 0); B(4; 0); C(4; 6); D(0; 3)}.

4. a = (x+ 3 y) i + (2x− y) j, L =
{
x2

4
+
y2

9
= 1
}
.

5. a = (x+ y) i + (2 y − x) j,
L = {A(0; 0); B(2; 2); C(2; 4); D(0; 2)}.

6. a = xy2 i− yx2 j, L =
{
x2 + y2 = r2

}
.

7. a = x2y i− y2x j, L = {A(1; 0); B(5; 0); C(3; 3)}.
8. a=(y − 2x) i + xy j, L={A(0; 0); B(0; 6); C(4; 2); D(4; 0)}.

9. a = xy2 i− xy j, L =
{
x2 +

y2

4
= 1
}
.

10. a = (3x− y) i + (4x+ y) j,
L = {A(0; 0); B(2; 2); C(6; 2); D(4; 0)}.

11. a = xy3 i − yx3 j, L =
{
x2 + y2 = 4

}
� ãðàíèöà ñåãìåíòà

ïåðâîé ÷åòâåðòè îêðóæíîñòè.
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12. a = xy i + xy j, L =
{
x2

4
+
y2

9
= 1
}

� ãðàíèöà ñåãìåíòà

ïåðâîé ÷åòâåðòè ýëëèïñà.
13. a = (x+ y)2 i−

(
x2 + y2

)
j, L = {A(0; 0); B(1; 0); C(0; 1)}.

14. a=(x+ 3 y) i + (2 y − 3x) j, L = {A(0; 0); B(1; 0); C(1; 1)}.
15. a = x2 i− y2 j, L = {A(0; 0); B(2; 4); C(0; 4)}.

Çàäà÷à 2.5. Âû÷èñëèòü ïîòîê âåêòîðíîãî ïîëÿ a ÷åðåç

ïîâåðõíîñòü, çàäàííóþ òðåóãîëüíîé ïëîùàäêîé ñ âåðøèíàìè â

òî÷êàõ A, B, C â íàïðàâëåíèè âíåøíåé íîðìàëè:

1. a = x2 i + y2 j + z k, A(1; 0; 0), B(0; 2; 0), C(0; 0; 2).
2. a = x2 i + y2 j− z k, A(2; 0; 0), B(0; 2; 0), C(0; 0; 4).
3. a = x2 i− y2 j + z k, A(2; 0; 0), B(0; 3; 0), C(0; 0; 6).
4. a = x i + y j− 2 z k, A(2; 0; 0), B(0; 4; 0), C(0; 0; 8).
5. a = 2x2 i + 3 y2 j + z k, A(1; 0; 0), B(0; 3; 0), C(0; 0; 3).
6. a = x i + y j + z k, A(1; 0; 0), B(0; 4; 0), C(0; 0; 4).
7. a = y i + z j + xk, A(1; 0; 0), B(0; 5; 0), C(0; 0; 5).
8. a = yz i + xz j + xy k, A(2; 0; 0), B(0; 1; 0), C(0; 0; 4).
9. a = 2x i + 2 y j− z k, A(3; 0; 0), B(0; 1; 0), C(0; 0; 3).
10. a = 2x i− y j + z k, A(4; 0; 0), B(0; 2; 0), C(0; 0; 8).
11. a = (y − x) i+(x+ y) j+y k, A(3; 0; 0), B(0; 3; 0), C(0; 0; 9).
12. a=(3x−1) i+(y−x+z) j+4zk, A(3; 0; 0), B(0; 2; 0), C(0; 0; 6).
13. a=(x− y + z) i+(y − z + x) j+(z − x+ y) k,

A(3; 0; 0), B(0; 4; 0), C(0; 0; 12).
14. a = xz i + yz j + z k, A(2; 0; 0), B(0; 5; 0), C(0; 0; 10).
15. a =

(
xy + x2

)
i + (2 y − 2xy) j + (z − yz) k,

A(2; 0; 0), B(0; 6; 0), C(0; 0; 6).

Çàäà÷à 2.6. Äëÿ âåêòîðíîãî ïîëÿ èç ïðåäûäóùåé çàäà÷è

íàéòè ïîòîê ÷åðåç âñþ ïîâåðõíîñòü òåòðàýäðà ñ âåðøèíàìè

â òî÷êàõ O (0; 0; 0) è (A, B, C � èç ïðåäûäóùåé çàäà÷è) â

íàïðàâëåíèè âíåøíåé íîðìàëè.
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Ãëàâà 3

Âåêòîðíûå ïîëÿ

Îñíîâíûå ôîðìóëû è îïðåäåëåíèÿ

Âåêòîðíûì ïîëåì íàçûâàåòñÿ îáëàñòü ïðîñòðàíñòâà,
êàæäîé òî÷êå êîòîðîãî ïîñòàâëåí â ñîîòâåòñòâèå îïðåäåëåííûé
âåêòîð a(M). Ýòîò âåêòîð ÿâëÿåòñÿ ôóíêöèåé îò ðàäèóñ-âåêòîðà
òî÷êè: a = a(r).

Âåêòîðíîé ëèíèåé íàçûâàåòñÿ ëèíèÿ, êàñàòåëüíàÿ ê
êîòîðîé â êàæäîé òî÷êå èìååò íàïðàâëåíèå ñîîòâåòñòâóþùåãî
åé âåêòîðà ïîëÿ. Âåêòîðíûå ëèíèè äëÿ âåêòîðíîãî ïîëÿ a =
= axex+ayey+azez îïðåäåëÿþòñÿ ñèñòåìîé äèôôåðåíöèàëüíûõ
óðàâíåíèé:

d x

ax (x, y, z)
=

d y

ay (x, y, z)
=

d z

az (x, y, z)
.

(àíàëîãè÷íî çàäàþòñÿ óðàâíåíèÿ äëÿ ïëîñêèõ è ìíîãîìåðíûõ
ïîëåé). Ïðè ðåøåíèè ðÿäà çàäà÷ áîëåå óäîáíîé îêàçûâàåòñÿ
ôîðìà óðàâíåíèé âåêòîðíûõ ëèíèé â âèäå:

d x

d t
= ax (x, y, z) ,

d y

d t
= ay (x, y, z) ,

d z

d t
= az (x, y, z) .

Îãðàíè÷åííàÿ íåêîòîðîé ïîâåðõíîñòüþ ÷àñòü ïðîñòðàíñòâà,
ñîñòîÿùàÿ èç öåëûõ âåêòîðíûõ ëèíèé, íàçûâàåòñÿ âåêòîðíîé
òðóáêîé.

Ïóñòü c � ïîñòîÿííûé âåêòîð, u � ñêàëÿðíàÿ ôóíêöèÿ,
λ = const. Òîãäà:

div (a± b) = div a± div b, rot (a± b) = rot a± rot b,
div (u c) = c gradu, rot (λa) = λ rot a,
div (ua) = udiv a + a gradu, rot (ua) = u rot a + [gradu, a] .
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Äàäèì èíâàðèàíòíûå îïðåäåëåíèÿ (ò. å. íå çàâèñÿùèå îò
âûáîðà ñèñòåìû êîîðäèíàò) ðîòîðà è äèâåðãåíöèè.

Äèâåðãåíöèåé âåêòîðíîãî ïîëÿ a = a(r) íàçûâàåòñÿ
ñêàëÿðíàÿ âåëè÷èíà, ðàâíàÿ ïðåäåëó îòíîøåíèÿ ïîòîêà
âåêòîðíîãî ïîëÿ a ÷åðåç çàìêíóòóþ ïîâåðõíîñòü SP ê âåëè÷èíå
VP îáúåìà òåëà, îãðàíè÷åííîãî ýòîé ïîâåðõíîñòüþ, ïðè óñëîâèè,
÷òî ïîâåðõíîñòü ñòÿãèâàåòñÿ â òî÷êó P :

(div a)P = lim
VP→0

∫∫
SP

(a, dσ)

VP
.

Ïðîåêöèÿ ðîòîðà rot a íà êàêîå-ëèáî íàïðàâëåíèå s â
êàæäîé òî÷êå ïîëÿ ðàâíà ïðåäåëó îòíîøåíèÿ öèðêóëÿöèè ïî
ãðàíèöå lP ïëîñêîé ïëîùàäêè, ïðîõîäÿùåé ÷åðåç ýòó òî÷êó,
ïåðïåíäèêóëÿðíî ê s, ê ïëîùàäè ýòîé ïëîùàäêè σP , êîãäà
ãðàíèöà ïëîùàäêè ñòÿãèâàåòñÿ ê ðàññìàòðèâàåìîé òî÷êå:

(s · rot a)P = lim
σP→0

∮
lP

(a, dr)

σP
.

Ïðàêòè÷åñêîå çàíÿòèå

Çàäà÷à 3.1. Íàéòè ðîòîð âåêòîðíîãî ïîëÿ:

a = −1
x

i +
1
y

j +
zy

x
k:

Ðåøåíè å: Ïî óñëîâèþ çàäà÷è âåêòîðíîå ïîëå çàäàíî
â äåêàðòîâîé ñèñòåìå êîîðäèíàò. Ðîòîð â äåêàðòîâûõ
êîîðäèíàòàõ âû÷èñëÿåòñÿ ïî ôîðìóëå:

rot a =
(
∂az
∂y
− ∂ay

∂z

)
i +
(
∂ax
∂z
− ∂az

∂x

)
j +
(
∂ay
∂x
− ∂ax

∂y

)
k.

Âûïèñûâàåì êîìïîíåíòû âåêòîðíîãî ïîëÿ: ax = −1
x
, ay =

1
y
,

az =
yz

x
è íàõîäèì, ñîîòâåòñòâóþùèå ÷àñòíûå ïðîèçâîäíûå.

Îòñþäà: rot a =
z

x
i +

zy

x2
j.

32



Çàäà÷à 3.2. Íàéòè äèâåðãåíöèþ âåêòîðíîãî ïîëÿ a = 2x i−
− 3y j + z k:

Ðåøåíè å: Äèâåðãåíöèÿ âåêòîðíîãî ïîëÿ åñòü
ñêàëÿðíàÿ ôóíêöèÿ òî÷åê ïîëÿ è ïðåäñòàâëÿåò ñîáîé îáú¼ìíóþ
ïëîòíîñòü ïîòîêà âåêòîðà a â çàäàííîé òî÷êå. Ïî óñëîâèþ
çàäà÷è âåêòîðíîå ïîëå çàäàíî â äåêàðòîâîé ñèñòåìå êîîðäèíàò.
Äèâåðãåíöèÿ â äåêàðòîâûõ êîîðäèíàòàõ âû÷èñëÿåòñÿ ïî
ôîðìóëå:

div a =
∂ax
∂x

+
∂ay
∂y

+
∂az
∂z

.

Âûïèñûâàåì êîìïîíåíòû âåêòîðíîãî ïîëÿ ax = 2x, ay = −3y,
az = z è íàõîäèì, ñîîòâåòñòâóþùèå ÷àñòíûå ïðîèçâîäíûå.
Îòñþäà: div a = 0.

Çàäà÷à 3.3. Íàéòè ïðîèçâîäíóþ âåêòîðíîãî ïîëÿ a =
= (x+ y) i+2xyz j+

(
x2 − y2

)
k ïî íàïðàâëåíèþ âåêòîðà c = i+

+ 2 j− 2 k. Âû÷èñëèòü çíà÷åíèå ïðîèçâîäíîé â òî÷êå M(2; 1; 1).
Ðåøåíè å: Ïîíÿòèå ïðîèçâîäíîé ïî íàïðàâëåíèþ îò

âåêòîðíîé ôóíêöèè ââîäèòñÿ ïî àíàëîãèè ñ ïðîèçâîäíîé ïî
íàïðàâëåíèþ îò ñêàëÿðíîé ôóíêöèè. Ïðîèçâîäíàÿ âåêòîðíîãî
ïîëÿ a ïî íàïðàâëåíèþ åäèíè÷íîãî âåêòîðà c âû÷èñëÿåòñÿ ïî
ôîðìóëå:

∂a
∂c◦

= (c◦,∇) a =

=
(
cx
|c|

∂

∂x
+
cy
|c|

∂

∂y
+
cz
|c|

∂

∂z

)
(ax i + ay j + az k) =

=
(
cx
∂ax
∂x

+ cy
∂ax
∂y

+ cz
∂ax
∂z

)
i
|c|

+

+
(
cx
∂ay
∂x

+ cy
∂ay
∂y

+ cz
∂ay
∂z

)
j
|c|

+

+
(
cx
∂az
∂x

+ cy
∂az
∂y

+ cz
∂az
∂z

)
k
|c|
.
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Çäåñü: cx = 1, cy = 2, cz = −2, |c| =
√
c2x + c2y + c2z =

√
9 = 3,

ax = x+ y, ay = 2xyz, az = x2 − y2. Òîãäà:
∂a
∂c◦

= (1 · 1 + 2 · 1− 2 · 0)
i
3

+ (1 · 2yz + 2 · 2xz + (−2) · 2xy)
j
3

+

+ (1 · 2x+ 2 · (−2)y − 2 · 0)
k
3

= i +
1
3

(2yz + 4xz − 4xy) j +

+
2x− 4y

3
k.

Â ïîëó÷åííîå âûðàæåíèå ïîäñòàâëÿåì êîîðäèíàòû òî÷êè
M = (2; 1; 1) è ïîëó÷àåì ïîñòîÿííûé âåêòîð:

∂a
∂c◦

∣∣∣∣
M

= i +
1
3

(2 + 8− 8) j +
4− 4

3
k = i +

2
3

j.

Ïðîèçâîäíûå ïî íàïðàâëåíèþ ïðîèçâîëüíîãî (íå
åäèíè÷íîãî) âåêòîðà c îòëè÷àþòñÿ îò ïðîèçâîäíûõ ïî
íàïðàâëåíèþ åäèíè÷íîãî âåêòîðà òîëüêî òåì, ÷òî â íèõ
âõîäèò äîïîëíèòåëüíûé ñêàëÿðíûé ìíîæèòåëü |c|.

Çàäà÷à 3.4. Ïóñòü çàäàíû âåêòîðíûå ïîëÿ a =
(
x2 + z

)
i +

+ yx j + z k, b = (x+ y) i + yz j − z k è ïîñòîÿííûé âåêòîð c =
= i + j + k. Íàéòè: 1) div [a,b], 2) rot [a, c]:

Ðåøåíè å: 1) Ôîðìóëà äëÿ âû÷èñëåíèÿ äèâåðãåíöèè
âåêòîðíîãî ïðîèçâåäåíèÿ âåêòîðîâ a è b èìååò âèä:

div [a,b] = (b, rot a)− (a, rot b) .

Âû÷èñëÿåì rot a = j+y k, rot b = −y i+ j. Íàéä¼ì ñêàëÿðíûå
ïðîèçâåäåíèÿ âåêòîðîâ: (a, rot b) =

(
x2 + z

)
·(−y)+yx ·1+z ·0 =

= y
(
x− z − x2

)
. (b, rot a) = (x+ z) · 0 + yz · 1 + (−z) · y = 0.

Îòñþäà: div [a,b] = y
(
x2 + z − x

)
.

2) Ôîðìóëà äëÿ âû÷èñëåíèÿ ðîòîðà âåêòîðíîãî
ïðîèçâåäåíèÿ âåêòîðîâ a è èìååò âèä:

rot [a, c] = (c,∇) a− (a,∇) c + a div c− c div a .

Òàê êàê c ïîñòîÿííûé âåêòîð, div c = 0, îòñþäà òðåòüå
ñëàãàåìîå â ôîðìóëå ðàâíî íóëþ. Òàêæå ðàâíî íóëþ è
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âòîðîå ñëàãàåìîå, êîòîðîå åñòü ïðîèçâîäíàÿ âåêòîðà c ïî
íàïðàâëåíèþ âåêòîðà a. div a = 3x + 1. Îòñþäà c div a =
= (3x+ 1, 3x+ 1, 3x+ 1). Âû÷èñëèì òåïåðü ïðîèçâîäíóþ
âåêòîðíîãî ïîëÿ a ïî íàïðàâëåíèþ âåêòîðà c: (c,∇) a =
= (2x+ 1) i + (y + x) j + k. Îòñþäà ñëåäóåò: rot [a, c] = −x i +
+ (y − 2x− 1) j− 3xk.

Çàäà÷à 3.5. 1) Ïðè êàêîé ôóíêöèè f(z) äèâåðãåíöèÿ ïîëÿ
a = xz i + y j + f(z) k áóäåò ðàâíà z. 2) Êàêîâà äîëæíà áûòü
ôóíêöèÿ f(x, z), ÷òîáû ðîòîð âåêòîðíîãî ïîëÿ a = yz i +
+ f(x, z) j + xy k ñîâïàäàë ñ âåêòîðîì b = k− i.

Ðåøåíè å: 1) Íàéä¼ì ÷àñòíûå ïðîèçâîäíûå:
∂ax
∂x

= z,
∂ay
∂y

=

= 1,
∂az
∂z

= f ′(z). Ïîäñòàâëÿÿ â âûðàæåíèå äëÿ äèâåðãåíöèè

ïîëó÷àåì: z + 1 + f ′(z) = z. Îòñþäà: f ′(z) = −1 è f(z) = C − z.
2) Ïóñòü rot a = bx i + by j + bz k = k− i. Ïî óñëîâèþ çàäà÷è

êîìïîíåíòà by = 0. Îòñþäà ñëåäóåò óñëîâèå:
∂ax
∂z

=
∂az
∂x

. Èç

ðàâåíñòâ bx = −1, bz = 1, ñëåäóåò:
∂az
∂y
− ∂ay

∂z
= −1,

∂ay
∂x
−

− ∂ax
∂y

= 1. Ïîñëå èíòåãðèðîâàíèÿ ïîñëåäíèõ âûðàæåíèé äëÿ

íåèçâåñòíîé ôóíêöèè ay ïîëó÷èì: ay =
∫ (

bz +
∂ax
∂y

)
dx +

+ C(z), ay =
∫ (

∂az
∂y
− bx

)
dz + C(x), ãäå C(z) è C(x) �

íåèçâåñòíûå ôóíêöèè ñîîòâåòñòâóþùèõ ïåðåìåííûõ, èìåþò
ñìûñë ïîñòîÿííûõ èíòåãðèðîâàíèÿ. Ïî óñëîâèþ çàäà÷è ax =
= yz, az = xy. Ñîâåðøàÿ ïîäñòàíîâêó â ïîëó÷åííûå ôîðìóëû

ïîëó÷àåì äëÿ ay: ay =
∫

(1 + z) dx = xz + x + C(z), ay =

=
∫

(x+ 1) dz = xz + z + C(x).

Ïðèðàâíèâàÿ ïîëó÷åííûå âûðàæåíèÿ íàõîäèì çíà÷åíèÿ äëÿ
C(z) è C(x): xz+x+C(z) = xz+z+C(x). Îòñþäà: C(z) = z+C,
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C(x) = x + C. Òîãäà äëÿ èñêîìîé ôóíêöèè f(x, z) ïîëó÷àåì:
f(x, z) = xz + x+ z + C.

Â ñëó÷àå êîãäà íåèçâåñòíà êîìïîíåíòà ïîëÿ ax è ïðè

óñëîâèè:
∂az
∂y

=
∂ay
∂z

, ïîëó÷àåì ñëåäóþùèå èíòåãðàëû:

ax =
∫ (

by +
∂az
∂x

)
dz + C(y), ax =

∫ (
∂ay
∂x
− bz

)
dy + C(z).

Â ñëó÷àå êîãäà íåèçâåñòíà êîìïîíåíòà ïîëÿ az è ïðè óñëîâèè:
∂ay
∂x

=
∂ax
∂y

, ïîëó÷àåì:

az =
∫ (

bx +
∂ay
∂z

)
dy + C(x), az =

∫ (
∂ax
∂z
− by

)
dx+ C(y).

Âàðèàíòû êîíòðîëüíûõ ðàáîò

Çàäà÷à 3.1. Íàéòè ðîòîð âåêòîðíîãî ïîëÿ a:

1. a = xy i + yz j + xz k.

2. a =
i + j + k

(x+ y + z)2/3
.

3. a = x2y i + xy2 j + z2 k.
4. a = 3x2y2z i + 2x3yz j + x3y2 k.

5. a =
−y i + x j
x2 + y2

.

6. a = x3 i + y3 j + z3 k.
7. a = x2y i + xy2 j + xyz k.
8. a = x2y i− xy2 j + z

(
x2 + y2

)
k.

9. a = x2yz i + xy2z j + xyz2 k.

10. a =
x i + y j + z k√
x2 + y2 + z2

.

11. a = xz2 i + yx2 j + zy2 k.
12. a = xz3 i + yx3 j + zy3 k.
13. a = xy2 i + yz2 j + zx2 k.
14. a = x

(
y2 + z2

)
i + y

(
x2 + z2

)
j + z

(
x2 + y2

)
k.

15. a = xy2 i + x2y j + z
(
x2 + y2

)
k.

Çàäà÷à 3.2. Íàéòè äèâåðãåíöèþ âåêòîðíîãî ïîëÿ a:
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1. a = xy i + yz j + xz k. 2. a =
i + j + k

(x+ y + z)2/3
.

3. a = x2y i + xy2 j + z2 k.
4. a = 3x2y2z i + 2x3yz j + x3y2 k.

5. a =
−y i + x j
x2 + y2

.

6. a = x3 i + y3 j− z3 k.
7. a = x2y i + xy2 j + xyz k.
8. a = x2y i− xy2 j +

(
x2 + y2

)
z k.

9. a = x2yz i + xy2z j + xyz2 k.

10. a =
x i + y j + z k√
x2 + y2 + z2

.

11. a = xz2 i + yx2 j + zy2 k.
12. a = xz3 i + yx3 j + zy3 k.
13. a = xy2 i + yz2 j + zx2 k.
14. a = x

(
y2 + z2

)
i + y

(
x2 + z2

)
j + z

(
x2 + y2

)
k.

15. a = xy2 i + x2y j + z
(
x2 + y2

)
k.

Çàäà÷à 3.3. Íàéòè ïðîèçâîäíóþ âåêòîðà a ïî íàïðàâëåíèþ

âåêòîðà c = 2x i− y j + 2 z k. Âû÷èñëèòü çíà÷åíèå ïðîèçâîäíîé
â òî÷êå M (1; 1; 1).

1. a = 2x y z i + z x2 j + y x2 k.
2. a = yz (2x+ y + z) i + xz (x+ 2y + z) j + xy (x+ y + 2z) k.
3. a = y (z − x) i +

(
y z2 − x2

)
j + y (x+ y z) k.

4. a = x y z i +
(
x2 − 2 y z

)
j−
(
x2 + y2 + z2

)
k.

5. a =
(
2x y + y2 + 2 z

)
i +
(
x2 + 2x y + 2 z

)
j + 2 z (x+ y) k.

6. a = y z x2 i + x z y2 j + x y z2 k.
7. a = (x+ y + z) i +

(
x2 + y2 + z2

)
j +
(
x3 + y3 + z3

)
k.

8. a =
(
3 z x2 − y3

)
i +
(
x3 − 3 z y2

)
j +
(
z3 − 3 y x2

)
k.

9. a =
i + j + k
x+ y + z

.

10. a = x (2 y x+ z) i + y (x y − z) j− 6x y z k.
11. a =

(
z2 − y x3

)
i +
(
x2 − z y2

)
j + y z

(
3x2 + z

)
k.

12. a = 2x y z i + (x− y + z) j + z (1− y z) k.
13. a = 2 y z ex i + 2x y ez j− 2x z ey k.
14. a = 2 y z ln x i− 2x z ln y j + 2x y ln z k.
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15. a = ex ln y i + 2 ey ln z j− ez ln xk.

Çàäà÷à 3.4. Íàéòè: 1) div [a,b], 2) rot [a, c], ãäå c
ïîñòîÿííûé âåêòîð ðàâíûé: c = i + j + k.

1. a = x2 i + y2 j + z2 k, b = z2 i + x2 j + y2 k.
2. a = xz i + yx j + zy k, b = z i + y2 j + xk.
3. a = (x+ z) i + y2 j + z2 k, b = (z + 4) i + ey j + (x− 4) k.

4. a = cosx i + cos y j + cos z k, b =
1

1 + x2
i− z2 j− y2 k.

5. a = cosx i− arcsin z j− cos y k,
b = cosx i + arccos z j + cos y k.

6. a = lnx i + ln y j + (ln z + 4y) k,
b = (ex + z) i + (ey − 2y) j + ez k.

7. a =
(
x3 − z2

)
i− z j + 5y k, b = x3 i + z2 j + y k.

8. a = yz i + xz j + xy k, b = (6x− 2) i + (y − 3) j + (3z − 4) k.
9. a =

(
x3 − 1

)
i +
(
z3 − 1

)
j +
(
y3 − 1

)
k,

b = tg x i +
(
y3 − 1

)
j +
(
z3 − 1

)
k.

10. a = (5− z) i + e−y j + (5− x) k, b = e−z i + tg y j + e−x k.
11. a = y2 i + x2 j + cos z k, b = sinx i + z3 j + y3 k.
12. a = (2z − 5x) i + (x− y) j + (2x− 5z) k,

b = ez i + ey j + ex k.
13. a = (y − z) i + (x− y) j + (x− z) k, b = ln z i + lnxk.
14. a =

(
x2 − z

)
i + 3y2 j + z k,

b = (z − 4x) i +
(
x− 3y2

)
j + (y − 3z) k.

15. a =
(
x2 + y

)
i +
(
3y2 + z

)
j +
(
3x+ z2

)
k,

b = (2x+ 4) i + (5 + 3z) j + (4y − 3) k.

Çàäà÷à 3.5. 1) Ïðè êàêîé ôóíêöèè f(x, y, z) äèâåðãåíöèÿ

ïîëÿ a áóäåò ðàâíà g(x, y, z). 2) Êàêîâà äîëæíà áûòü ôóíêöèÿ

f(x, y, z), ÷òîáû ðîòîð âåêòîðíîãî ïîëÿ b ñîâïàäàë ñ âåêòîðîì

c.

1. a = −2xy i + y2 j + f(x, y, z) k, g(x, y, z) = z2;
b =

(
y2 + z2

)
i + f(x, y, z) j + 2xz k, c = i + k.

2. a = xz i + yz j + f(x, y, z) k, g(x, y, z) = x2;
b = y2z i + f(x, y, z) j + xy2 k, c = 2 i + k.
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3. a = y lnx i + x ln y j + f(x, y, z) k, g(x, y, z) =
x2 + y2

xy
;

b = ln (y + z) i + f(x, y, z) j +
x

y + z
k, c = 3 i− k.

4. a = ez i + sin y j + f(x, y, z) k, g(x, y, z) = cos y + z;
b = ey

2−z2 i + f(x, y, z) j− 2xzey
2−z2 k, c = 4 i + k.

5. a =
(
x2 + y2

)
i +

(
y2 + z2

)
j + f(x, y, z) k, g(x, y, z) = z +

+ 2y + 2x; b =
(
y3 − z

)
i + f(x, y, z) j− xk, c = 5 i + 2 k.

6. a = x2yz i + f(x, y, z) j + xyz2 k, g(x, y, z) = 6yz;
b = f(x, y, z) i− 12yz j +

(
4− 6y2

)
k, c = 6 j− k.

7. a = xy2 i + f(x, y, z) j + z
(
x2 + y2

)
k, g(x, y, z) = 2

(
x2 + y2

)
;

b = f(x, y, z) i + z cos y j +
(
x2 + sin y

)
k, c = 2 j− 2 k.

8. a = x2y i + f(x, y, z) j + xyz k, g(x, y, z) = 5xy;
b = f(x, y, z) i− xze−y j + xe−y k, c = 8 j + 3 k.

9. a = arctg x i + f(x, y, z) j + ez k, g(x, y, z) =
1

1 + x2
;

b = f(x, y, z) i− 2yz j +
(
x2 − y2

)
k, c = j− k.

10. a = arcsin y i + f(x, y, z) j + arcsin z k, g(x, y, z) =
1√

1− z2
;

b = f(x, y, z) i− z cos y j + (cosx− cosy) k, c = 10 j− 5 k.
11. a = f(x, y, z) i+

(
x2 + 3y

)
j+
(
z2 − 3x

)
k, g(x, y, z) = 3+y+z;

b = z3y i + xz3 j + f(x, y, z) k, c = − i + 3 j.
12. a = f(x, y, z) i + y cosx j + z sinxk, g(x, y, z) = 1;
b = yz i + xz j + f(x, y, z) k, c = 4 i− 2 j.
13. a = f(x, y, z) i + ey j + ez k, g(x, y, z) = ey;
b =

(
y2 + arctg z

)
i + 2xy j + f(x, y, z) k, c = i + j.

14. a = f(x, y, z) i +
(
3x3 − 4y

)
j +

(
3y3 − 2z

)
k, g(x, y, z) = −6;

b = z2 ln y i +
xz2

y
j + f(x, y, z) k, c = 3 i + 4 j.

15. a = f(x, y, z) i + sin z cos y j + sin y cos z k, g(x, y, z) =
= sin y sin z; b =

(
y3 + cos z

)
i+ 3xy2 j+f(x, y, z) k, c = 3 i− j.
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Ãëàâà 4

Âåêòîðíûé àíàëèç â êðèâîëèíåéíûõ

êîîðäèíàòàõ

Îñíîâíûå ôîðìóëû è îïðåäåëåíèÿ

Âî ìíîãèõ çàäà÷àõ óäîáíî îïðåäåëÿòü ïîëîæåíèå òî÷êè
ïðîñòðàíñòâà íå äåêàðòîâûìè êîîðäèíàòàìè, à äðóãèìè
÷èñëàìè (q1, q2, q3), êîòîðûå íàçûâàþò êðèâîëèíåéíûìè
êîîðäèíàòàìè òî÷êè. Ïóñòü r1, r2, r3 � áàçèñíûå âåêòîðû
ïðîèçâîëüíîé êðèâîëèíåéíîé ñèñòåìû êîîðäèíàò. Òîãäà
âûðàæåíèÿ äëÿ ãðàäèåíòà ñêàëÿðíîãî, äèâåðãåíöèè è ðîòîðà
âåêòîðíîãî ïîëåé èìåþò âèä:

gradu =
1

(r1 · r2 · r3)

(
∂u

∂q1
r2 × r3 +

∂u

∂q2
r3 × r1 +

∂u

∂q3
r1 × r2

)
.

div a =
1

(r1 · r2 · r3)

(
∂ a(r2×r3)

∂q1
+
∂ a(r3×r1)

∂q2
+
∂ a(r1×r2)

∂q3

)
.

rot a =
1

(r1 · r2 · r3)

∣∣∣∣∣∣∣∣∣
r1 r2 r3

∂

∂q1

∂

∂q2

∂

∂q3

a r1 a r2 a r3

∣∣∣∣∣∣∣∣∣ .
Îðòîãîíàëüíûìè íàçûâàþòñÿ òàêèå ñèñòåìû

êðèâîëèíåéíûõ êîîðäèíàò, â êîòîðûõ â êàæäîé òî÷êå
ïðîñòðàíñòâà êîîðäèíàòíûå ëèíèè ïåðåñåêàþòñÿ âçàèìíî
ïåðïåíäèêóëÿðíî. Åñëè áàçèñíûå âåêòîðû ïî ìîäóëþ
ðàâíû åäèíèöå e1, e2, e3, ñèñòåìà êîîðäèíàò íàçûâàåòñÿ
îðòîíîðìèðîâàííîé. Ãëàâíîå îòëè÷èå êðèâîëèíåéíûõ
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êîîðäèíàò îò äåêàðòîâûõ ñîñòîèò â òîì, ÷òî âåêòîðû e1, e2, e3

ìîãóò èçìåíÿòü ñâîè íàïðàâëåíèÿ ïðè ïåðåõîäå îò îäíîé òî÷êè
ê äðóãîé. Çàïèøåì âûðàæåíèÿ äëÿ ãðàäèåíòà ñêàëÿðíîãî,
äèâåðãåíöèè è ðîòîðà âåêòîðíîãî ïîëåé â îðòîãîíàëüíûõ
êîîðäèíàòàõ.

gradu =
1
h1

∂u

∂q1
e1 +

1
h2

∂u

∂q2
e2 +

1
h3

∂u

∂q3
e3.

ãäå ei � îðòû, hi � êîýôôèöèåíòû Ëàìý äàííîé êðèâîëèíåéíîé
ñèñòåìû êîîðäèíàò:

hi =

√(
∂x

∂qi

)2

+
(
∂y

∂qi

)2

+
(
∂z

∂qi

)2

.

div a =
1

h1h2h3

(
∂(a1h2h3)

∂q1
+
∂(a2h3h1)

∂q2
+
∂(a3h1h2)

∂q3

)
.

rot a =

∣∣∣∣∣∣∣∣∣∣∣

1
h2h3

e1
1

h1h3
e2

1
h1h2

e3

∂

∂q1

∂

∂q2

∂

∂q3

a1 h1 a2 h2 a3 h3

∣∣∣∣∣∣∣∣∣∣∣
.

Ïðàêòè÷åñêîå çàíÿòèå

Çàäà÷à 4.1. Äëÿ ñêàëÿðíîãî ïîëÿ u = ln
(
x2 + y2 − z

)
,

çàäàííîãî â äåêàðòîâîé ñèñòåìå êîîðäèíàò, íàéòè âûðàæåíèå
ýòîãî ïîëÿ è ãðàäèåíò â öèëèíäðè÷åñêîé ñèñòåìå êîîðäèíàò.

Ðåøåíè å: Êðèâîëèíåéíûå êîîðäèíàòû òî÷êè â
öèëèíäðè÷åñêîé ñèñòåìå çàäàþòñÿ ÷èñëàìè: q1 = ρ, q2 = ϕ,
q3 = z. Ñâÿçü äåêàðòîâûõ êîîðäèíàò ñ öèëèíäðè÷åñêèìè
îïðåäåëÿåòñÿ ôîðìóëàìè:

x = ρ cos ϕ,
y = ρ sin ϕ,
z = z.
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Â öèëèíäðè÷åñêèõ êîîðäèíàòàõ Êîýôôèöèåíòû Ëàìý
ðàâíû: h1 = 1, h2 = ρ, h3 = 1. Òîãäà âûðàæåíèå äëÿ ãðàäèåíòà
áóäåò èìåòü âèä:

gradu =
∂u

∂ρ
eρ +

1
ρ

∂u

∂ϕ
eϕ +

∂u

∂z
ez.

Çàïèøåì ñêàëÿðíîå ïîëå â íîâûõ öèëèíäðè÷åñêèõ

êîîðäèíàòàõ: u = ln
(

(ρ cosϕ)2 + (ρ sinϕ)2 − z
)

= ln
(
ρ2 − z

)
.

Íàéä¼ì ñîîòâåòñòâóþùèå ÷àñòíûå ïðîèçâîäíûå:
∂u

∂ρ
=

2ρ
ρ2 − z

,

1
ρ

∂u

∂ϕ
= 0,

∂u

∂z
= − 1

ρ2 − z
. Ñëåäîâàòåëüíî: gradu =

2ρeρ − ez
ρ2 − z

.

Çàäà÷à 4.2. Äëÿ ñêàëÿðíîãî ïîëÿ u = ln
(
x2 + y2 + z2

)
,

çàäàííîãî â äåêàðòîâîé ñèñòåìå êîîðäèíàò, íàéòè âûðàæåíèå
ýòîãî ïîëÿ è ãðàäèåíò â ñôåðè÷åñêîé ñèñòåìå êîîðäèíàò.

Ðåøåíè å: Êðèâîëèíåéíûå êîîðäèíàòû òî÷êè â
ñôåðè÷åñêîé ñèñòåìå çàäàþòñÿ ÷èñëàìè: q1 = r, q2 = θ, q3 = ϕ.
Ñâÿçü äåêàðòîâûõ êîîðäèíàò ñî ñôåðè÷åñêèìè îïðåäåëÿåòñÿ
ôîðìóëàìè: 

x = r cosϕ sin θ,
y = r sinϕ sin θ,
z = r cos θ.

Â ñôåðè÷åñêèõ êîîðäèíàòàõ êîýôôèöèåíòû Ëàìý ðàâíû: h1 =
= 1, h2 = r, h3 = r sin θ. Òîãäà âûðàæåíèå äëÿ ãðàäèåíòà áóäåò
èìåòü âèä:

gradu =
∂u

∂r
er +

1
r

∂u

∂θ
eθ +

1
r sin θ

∂u

∂ϕ
eϕ.

Çàïèøåì ñêàëÿðíîå ïîëå â íîâûõ ñôåðè÷åñêèõ êîîðäèíàòàõ: u =
= ln

(
(r cosϕ sin θ)2 + (r sinϕ sin θ)2 + (r cos θ)2

)
= ln

(
r2
)
.

Íàéä¼ì ñîîòâåòñòâóþùèå ÷àñòíûå ïðîèçâîäíûå:
∂u

∂r
=

2
r
,
∂u

∂ϕ
=

= 0,
∂u

∂θ
= 0. Ñëåäîâàòåëüíî: gradu =

2
r
er.
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Çàäà÷à 4.3. Äëÿ âåêòîðíîãî ïîëÿ a = 2x i − 3y j + z k,
çàäàííîãî â äåêàðòîâîé ñèñòåìå êîîðäèíàò, íàéòè âûðàæåíèå
ýòîãî ïîëÿ è äèâåðãåíöèþ â öèëèíäðè÷åñêîé ñèñòåìå êîîðäèíàò.

Ðåøåíè å: Äèâåðãåíöèÿ â öèëèíäðè÷åñêèõ êîîðäèíàòàõ
âû÷èñëÿåòñÿ ïî ôîðìóëå:

div a =
1
ρ

∂ (ρaρ)
∂ρ

+
1
ρ

∂aϕ
∂ϕ

+
∂az
∂z

.

Ïî óñëîâèþ çàäà÷è âåêòîðíîå ïîëå çàäàíî â äåêàðòîâîé
ñèñòåìå êîîðäèíàò. Äëÿ âû÷èñëåíèé ïî çàäàííîé ôîðìóëå
íåîáõîäèìî çàïèñàòü âåêòîðíîå ïîëå â öèëèíäðè÷åñêîé ñèñòåìå
êîîðäèíàò, ò. å íàäî îñóùåñòâèòü ïåðåõîä îò äåêàðòîâîé
ñèñòåìû êîîðäèíàò â öèëèíäðè÷åñêóþ. Â ñëó÷àå ïðîèçâîëüíîé
êðèâîëèíåéíîé ñèñòåìû êîîðäèíàò òàêîé ïåðåõîä îïðåäåëÿåòñÿ
ðåøåíèåì ñëåäóþùåé ñèñòåìû àëãåáðàè÷åñêèõ óðàâíåíèé:

a1 =
1
h1

∂x

∂q1
ax +

1
h1

∂y

∂q1
ay +

1
h1

∂z

∂q1
az,

a2 =
1
h2

∂x

∂q2
ax +

1
h2

∂y

∂q2
ay +

1
h2

∂z

∂q2
az,

a3 =
1
h3

∂x

∂q3
ax +

1
h3

∂y

∂q3
ay +

1
h3

∂z

∂q3
az.

çäåñü h1, h2, h3 � êîýôôèöèåíòû Ëàìý. Â öèëèíäðè÷åñêèõ
êîîðäèíàòàõ îíè ðàâíû: h1 = 1, h2 = ρ, h3 = 1. Êîìïîíåíòû
âåêòîðíîãî ïîëÿ ax, ay, az çàïèøåì â êîîðäèíàòàõ ρ, ϕ, z: ax =
= 2x = 2ρ cos ϕ, ay = −3y = −3ρ sin ϕ, az = z. Íàéä¼ì ÷àñòíûå
ïðîèçâîäíûå:
∂x

∂ρ
= cosϕ,

∂y

∂ρ
= sinϕ,

∂z

∂ρ
= 0,

∂x

∂ϕ
= −ρ sinϕ,

∂y

∂ϕ
= ρ cosϕ,

∂z

∂ϕ
= 0,

∂x

∂z
= 0,

∂y

∂z
= 0,

∂z

∂z
= 1.

Ïîäñòàâëÿÿ íàéäåííûå çíà÷åíèÿ â ñèñòåìó óðàâíåíèé ïîëó÷èì:
aρ = ax cos ϕ+ ay sin ϕ,
aϕ = −ax sinϕ+ ay cosϕ,
az = z.
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Òàêèì îáðàçîì: aρ = 2ρ cos2 ϕ − 3ρ sin2 ϕ, aϕ = −5
2
ρ sin 2ϕ,

az = z.
Âûðàæåíèå äëÿ âåêòîðíîãî ïîëÿ â öèëèíäðè÷åñêèõ

êîîðäèíàòàõ èìååò âèä: a = aρ eρ + aϕ eϕ + az ez. Òîãäà:

a =
(
2 cos2 ϕ− 3ρ sin2 ϕ

)
ρ eρ −

5
2
ρ sin 2ϕ eϕ + z ez.

Âû÷èñëèì ÷àñòíûå ïðîèçâîäíûå è ïîäñòàâèì èõ â

âûðàæåíèå äëÿ äèâåðãåíöèè:
∂ (ρaρ)
∂ρ

= ρ
(
4 cos2 ϕ− 6 sin2 ϕ

)
,

∂aϕ
∂ϕ

= −5ρ cos 2ϕ,
∂az
∂z

= 1.

Îòñþäà: div a = 0.

Çàäà÷à 4.4. Äëÿ âåêòîðíîãî ïîëÿ a =
x i + y j + z k√
x2 + y2 + z2

,

çàäàííîãî â äåêàðòîâîé ñèñòåìå êîîðäèíàò, íàéòè âûðàæåíèå
ýòîãî ïîëÿ è äèâåðãåíöèþ â ñôåðè÷åñêîé ñèñòåìå êîîðäèíàò.

Ðåøåíè å: Äèâåðãåíöèÿ â ñôåðè÷åñêèõ êîîðäèíàòàõ
âû÷èñëÿåòñÿ ïî ôîðìóëå:

div a =
1
r2
∂
(
r2ar

)
∂r

+
1

r sin θ
∂ sin θaθ
∂θ

+
1

r sin θ
∂aϕ
∂ϕ

.

Ïî óñëîâèþ çàäà÷è âåêòîðíîå ïîëå çàäàíî â äåêàðòîâîé
ñèñòåìå êîîðäèíàò. Â öèëèíäðè÷åñêèõ êîîðäèíàòàõ
êîýôôèöèåíòû Ëàìý ðàâíû: h1 = 1, h2 = r, h3 = r sin θ.
Êîìïîíåíòû âåêòîðíîãî ïîëÿ ax, ay, az çàïèøåì â êîîðäèíàòàõ
r, θ, ϕ:

ax =
x√

x2 + y2 + z2
= cosϕ sin θ,

ay =
y√

x2 + y2 + z2
= sinϕ sin θ, az =

z√
x2 + y2 + z2

= cos θ.

Íàéä¼ì ÷àñòíûå ïðîèçâîäíûå:
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∂x

∂r
= cosϕ sin θ,

∂y

∂r
= sinϕ sin θ,

∂z

∂r
= cos θ,

∂x

∂ϕ
= −r sinϕ sin θ,

∂y

∂ϕ
= r cosϕ sin θ,

∂z

∂ϕ
= 0,

∂x

∂θ
= r cosϕ cos θ,

∂y

∂θ
= r sinϕ cos θ,

∂z

∂θ
= −r sin θ.
Ïîäñòàâëÿÿ íàéäåííûå çíà÷åíèÿ â ñèñòåìó óðàâíåíèé

ïîëó÷èì:
ar = cosϕ sin θ ax + sinϕ sin θ ay + cos θ az,
aθ = cosϕ cos θ ax + sinϕ cos θ ay − sin θ az,
aϕ = − sinϕax + cosϕay.

Â ñôåðè÷åñêèõ êîîðäèíàòàõ âåêòîðíîå ïîëå èìååò âèä: a =
= ar er +aθ eθ+aϕ eϕ, ãäå ar = 1, aθ = 0, aϕ = 0. Òàêèì îáðàçîì,
a = 1 · er + 0 · eθ + 0 · eϕ = er.

Îòñþäà: div a =
2
r
.

Çàäà÷à 4.5. Äëÿ âåêòîðíîãî ïîëÿ a = −1
x

i +
1
y

j +
zy

x
k,

çàäàííîãî â äåêàðòîâîé ñèñòåìå êîîðäèíàò, íàéòè âûðàæåíèå
ýòîãî ïîëÿ è ðîòîð â öèëèíäðè÷åñêîé ñèñòåìå êîîðäèíàò.

Ðåøåíè å: Ðîòîð â öèëèíäðè÷åñêèõ êîîðäèíàòàõ
âû÷èñëÿåòñÿ ïî ôîðìóëå:

rot a =

∣∣∣∣∣∣∣∣∣∣∣

1
ρ
eρ eϕ

1
ρ
ez

∂

∂ρ

∂

∂ϕ

∂

∂z

aρ ρaϕ az

∣∣∣∣∣∣∣∣∣∣∣
=

1
ρ

(
∂az
∂ϕ
− ρ∂aϕ

∂z

)
eρ+

+
(
∂aρ
∂z
− ∂az

∂ρ

)
eϕ +

1
ρ

(
∂ (ρaϕ)
∂ρ

− ∂aρ
∂ϕ

)
ez.

Ïî óñëîâèþ çàäà÷è âåêòîðíîå ïîëå çàäàíî â äåêàðòîâîé
ñèñòåìå êîîðäèíàò. Êîìïîíåíòû âåêòîðíîãî ïîëÿ ax, ay, az
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çàïèøåì â êîîðäèíàòàõ ρ, ϕ, z: ax = −1
x

= − ρ

cosϕ
, ay =

1
y

=

=
1

ρ sinϕ
, az =

zy

x
= z tgϕ.

Íàõîäèì êîìïîíåíòû âåêòîðíîãî ïîëÿ â íîâîé ñèñòåìå

êîîðäèíàò: aρ = 0, aϕ =
2
ρ

ctg 2ϕ, az = z tgϕ.

Âûðàæåíèå äëÿ çàäàííîãî âåêòîðíîãî ïîëÿ â

öèëèíäðè÷åñêèõ êîîðäèíàòàõ èìååò âèä: a =
2
ρ

ctg 2ϕ eϕ +

+ z tgϕ ez.

Íàéä¼ì ÷àñòíûå ïðîèçâîäíûå:
∂az
∂ϕ

=
z

cos2 ϕ
,
∂aϕ
∂z

= 0,
∂aρ
∂z

=

= 0,
∂az
∂ρ

= 0,
∂ (ρaϕ)
∂ρ

= 0,
∂aρ
∂ϕ

= 0. Îòñþäà: rot a =
z

cos2 ϕ
eρ.

Çàäà÷à 4.6. Äëÿ âåêòîðíîãî ïîëÿ a = −1
x

i +
1
y

j + k,

çàäàííîãî â äåêàðòîâîé ñèñòåìå êîîðäèíàò, íàéòè âûðàæåíèå
ýòîãî ïîëÿ è ðîòîð â ñôåðè÷åñêîé ñèñòåìå êîîðäèíàò.

Ðåøåíè å: Ðîòîð â ñôåðè÷åñêèõ êîîðäèíàòàõ âû÷èñëÿåòñÿ
ïî ôîðìóëå:

rot a =

∣∣∣∣∣∣∣∣∣∣∣

1
r2 sin θ

er
1

r sin θ
eθ

1
r
eϕ

∂

∂r

∂

∂θ

∂

∂ϕ

ar raθ r sin θaϕ

∣∣∣∣∣∣∣∣∣∣∣
=

=
1

r sin θ

(
∂ (sin θaϕ)

∂θ
− ∂aθ
∂ϕ

)
er+

+
1

r sin θ

(
∂ar
∂ϕ
− sin θ

∂ (raϕ)
∂r

)
eθ +

1
r

(
∂ (raθ)
∂r

− ∂ar
∂θ

)
eϕ.

Ïî óñëîâèþ çàäà÷è âåêòîðíîå ïîëå çàäàíî â äåêàðòîâîé
ñèñòåìå êîîðäèíàò. Êîìïîíåíòû âåêòîðíîãî ïîëÿ ax, ay, az
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çàïèøåì â êîîðäèíàòàõ r, θ, ϕ: ax = −1
x

= − 1
r cosϕ sin θ

,

ay =
1
y

=
1

r sinϕ sin θ
, az =

zy

x
= 1.

Íàõîäèì êîìïîíåíòû âåêòîðíîãî ïîëÿ â íîâîé ñèñòåìå

êîîðäèíàò: ar = cos θ, aθ = − sin θ, aϕ =
2

r sin θ sin 2ϕ
.

Âûðàæåíèå äëÿ çàäàííîãî âåêòîðíîãî ïîëÿ â ñôåðè÷åñêèõ

êîîðäèíàòàõ èìååò âèä: a = cos θer − sin θeθ +
2

r sin θ sin 2ϕ
eϕ.

Íàéä¼ì ÷àñòíûå ïðîèçâîäíûå:
∂ (sin θaϕ)

∂θ
=
(

2
r sin 2ϕ

)′
θ

=

= 0,
∂aθ
∂ϕ

= (− sin θ)′ϕ = 0,
∂ar
∂ϕ

= (cos θ)′ϕ = 0,
∂ (raϕ)
∂r

=

=
(

2
sin θ sin 2ϕ

)′
r

= 0,
∂ (raθ)
∂r

= (−r sin θ)′r = − sin θ,
∂ar
∂θ

=

= (cos θ)′θ = − sin θ. Â ðåçóëüòàòå ïîäñòàíîâêè íàéäåííûõ
çíà÷åíèé ÷àñòíûõ ïðîèçâîäíûõ â ôîðìóëó äëÿ ðîòîðà
ïîëó÷àåì: rot a = 0 · er + 0 · eθ + 0 · eϕ = 0.

Âàðèàíòû êîíòðîëüíûõ ðàáîò

Çàäà÷à 4.1. Äëÿ ñêàëÿðíîãî ïîëÿ, çàäàííîãî â äåêàðòîâîé

ñèñòåìå êîîðäèíàò, íàéòè âûðàæåíèå ýòîãî ïîëÿ è ãðàäèåíò

â öèëèíäðè÷åñêîé ñèñòåìå êîîðäèíàò.

1. u =
yz2

x

√
x2 + y2. 2. u =

xz

y
√
x2 + y2

. 3. u =

(
x2 + y2 + z2

)2
z2

.

4. u =

√
x2 + y2 − z2

z
. 5. u =

(
x

y
+
y

x

)
z2.

6. u = xyz + z
(
x2 + y2

)3/2
. 7. u =

z2√
x2 + y2

.

8. u =
x2y2z

(x2 + y2)3/2
. 9. u =

z√
x2 + y2

+
x

y
+
y

x
.

10. u = ln

(
xyz√
x2 + y2

)
. 11. u = sin

(
z3

(x2 + y2)3

)
.
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12. u = cos

((
x2 + y2

)3/2
z3

)
. 13. u = exp(z

√
x2 + y2).

14. u = z ln
(
x

y
+
y

x

)
. 15. u = ln

(√
x2 + y2

xyz

)
.

Çàäà÷à 4.2. Äëÿ ñêàëÿðíîãî ïîëÿ, çàäàííîãî â äåêàðòîâîé

ñèñòåìå êîîðäèíàò, íàéòè âûðàæåíèå ýòîãî ïîëÿ è ãðàäèåíò

â ñôåðè÷åñêîé ñèñòåìå êîîðäèíàò.

1. u = ln
(
x2 + y2 + z2

)
. 2. u =

z3

(x2 + y2 + z2)3/2
.

3. u =

(
x2 + y2 + z2

)2
z2

. 4. u =
yz2

x (x2 + y2 + z2)
.

5. u =
x

y
√
x2 + y2 + z2

. 6. u = ln
(

x2 + y2

x2 + y2 + z2

)
.

7. u = ln
(

1 +
z2

x2 + y2

)
. 8. u =

z4

(x2 + y2)2
.

9. u = ln
(
x2 + y2

z2

)
. 10. u =

(
x2 + y2

)2
(x2 + y2 + z2)2

.

11. u = z

(
x

y
+
y

x

)
. 12. u =

z2
(
x2 + y2 + z2

)
x2 + y2

.

13. u =
x2 + y2

z
√
x2 + y2 + z2

. 14. u =
z
√
x2 + y2 + z2

x2 + y2
.

15. u = exp
(
x2 + y2

z

)
.

Çàäà÷à 4.3. Äëÿ âåêòîðíîãî ïîëÿ a, çàäàííîãî â

äåêàðòîâîé ñèñòåìå êîîðäèíàò, íàéòè âûðàæåíèå ýòîãî

ïîëÿ è äèâåðãåíöèþ â öèëèíäðè÷åñêîé ñèñòåìå êîîðäèíàò:

1. a = xz i + yz j− z
√
x2 + y2 k. 2. a =

x i + y j− zk√
x2 + y2

.

3. a = (xz − y) i + (yz + x) j +
zy

x
k. 4. a =

xz i + yz j
x2 + y2

+ z2 k.

5. a =
(
x2
(
x2 + y2

)
− zy2

x2 + y2

)
i + xy

(
x2 + y2 +

z

x2 + y2

)
j.
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6. a =
x i + y j− xk
x (x2 + y2)2

.

7. a =
(
x
√
x+y2 − y

)
i +
(
y
√
x2 + y2 + x

)
j + z k.

8. a =
(
x
√
x2 + y2 − yz

)
i +
(
y
√
x2 + y2 + xz

)
j+

+z
√
x2 + y2 k.

9. a =
xz i + yzj

(x2 + y2)3/2
− z

x2 + y2
k. 10. a =

xz i + yz j + xy k

(x2 + y2)3/2
.

11. a =
xz i

y (x2 + y2)
+
z j + z k
x2 + y2

. 12. a =
xz i

y (x2 + y2)
+
z j + z k
x2 + y2

.

13. a = (xz + y) i + (yz − x) j− yz k√
x2 + y2

.

14. a = xz i + zy j +
(
x2 + y2

)2 k.
15. a = yz i + xz j− z

(
x2 + y2

)
k.

Çàäà÷à 4.4. Äëÿ âåêòîðíîãî ïîëÿ a, çàäàííîãî â

äåêàðòîâîé ñèñòåìå êîîðäèíàò, íàéòè âûðàæåíèå ýòîãî

ïîëÿ è äèâåðãåíöèþ â ñôåðè÷åñêîé ñèñòåìå êîîðäèíàò:

1. a =
−y i + xj√
x2 + y2 + z2

. 2. a =
x i + y j− zk√
x2 + y2 + z2

.

3. a =
x i + y j + zk

y
√
x2 + y2 + z2

. 4. a =
x i + y j + zk

(x2 + y2 + z2)3
.

5. a =
−y i + x j +

√
x2 + y2k

x2 + y2 + z2
. 6. a =

x i + y j− zk
(x2 + y2 + z2)5/2

.

7. a =
x i + y j + zk

(x2 + y2 + z2)3/2
. 8. a =

yz i + zy2 j + yz2k

(x2 + y2 + z2)3/2
.

9. a =
x i + y j− zk

(x2 + y2 + z2)2
.

10. a =
x(x+ z) i + y(x+ z) j + (xz − x2 − y2) k√

x2 + y2
.

11. a = − y2 i
x (x2 + y2 + z2)

+
y j

x2 + y2 + z2
.

12. a=

(
xyz

x2 + y2
− yz√

x2 + y2

)
i+

(
zy2

x2 + y2
+

xz√
x2 + y2

)
j− y k.
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13. a =

√
x2 + y2

z (x2 + y2 + z2)3
(xi + y j + z k) .

14. a =
x2 i + xy j + xz k

y (x2 + y2 + z2)5/2
. 15. a =

xz2 i
x2 + y2

+
yz2j

x2 + y2
− z k.

Çàäà÷à 4.5. Äëÿ âåêòîðíîãî ïîëÿ a, çàäàííîãî â äåêàðòîâîé
ñèñòåìå êîîðäèíàò, íàéòè âûðàæåíèå ýòîãî ïîëÿ è ðîòîð â

öèëèíäðè÷åñêîé ñèñòåìå êîîðäèíàò:

1. a = xz i + yz j− z
√
x2 + y2 k.

2. a =
x i + y j− z k√

x2 + y2
.

3. a = xz i + yz j +
y k√
x2 + y2

.

4. a =
xz i + yz j
x2 + y2

+ z2 k.

5. a =
x2 i + yx j√
x2 + y2

+ z
√
x2 + y2 k.

6. a =
x i + y j

(x2 + y2)3/2
− z k
x2 + y2

.

7. a = (x− y) i + (x+ y) j +
√
x2 + y2 k.

8. a =
x i + y j− xk
x (x2 + y2)

.

9. a = xz i + yz j− z
(
x2 + y2

)
k.

10. a =
xz i + yz j + xy k

(x2 + y2)3/2
.

11. a =

(
xz − y2√

x2 + y2

)
i +

(
yz +

yx√
x2 + y2

)
j + z2 k.

12. a =
x4 + x2y2 − y2

x
√
x2 + y2

i +
y
(
x2 + y2 + 1

)√
x2 + y2

j + z k.

13. a =
x2 i + xy j

y
√
x2 + y2

+ z
(
x2 + y2

)
k.

14. a =
(
x2 + y2

)
(x i + y j) +

zxk√
x2 + y2

.
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15. a = −y i + x j +
y2z2

x2 + y2
k.

Çàäà÷à 4.6. Äëÿ âåêòîðíîãî ïîëÿ a, çàäàííîãî â äåêàðòîâîé
ñèñòåìå êîîðäèíàò, íàéòè âûðàæåíèå ýòîãî ïîëÿ è ðîòîð â

ñôåðè÷åñêîé ñèñòåìå êîîðäèíàò:

1. a =
−y i + x j√
x2 + y2 + z2

. 2. a =
x i + y j− z k√
x2 + y2 + z2

.

3. a =
x i + y j + z k

y
√
x2 + y2 + z2

. 4. a =
x i + y j + z k

(x2 + y2 + z2)3
.

5. a =
−y i + x j +

√
x2 + y2 k

x2 + y2 + z2
.

6. a =

√
x2 + y2

(x2 + y2 + z2)3/2
(x i + y j + z k) .

7. a =
x i + y j + z k

(x2 + y2 + z2)3/2
.

8. a =
x2 + y2 + z2√

x2 + y2

(
xz i + yz j−

(
x2 + y2

)
k
)
.

9. a =
x i + y j− z k

(x2 + y2 + z2)2
. 10. a =

x i + y j− z k

(x2 + y2 + z2)5/2
.

11. a =
z
(
z +

√
x2 + y2

)
(x2 + y2 + z2)2

(x i + y j) +
z3 −

(
x2 + y2

)3/2
(x2 + y2 + z2)2

k.

12. a =
(
x+

x

(x2 + y2 + z2)2

)
i +
(
y +

y

(x2 + y2 + z2)2

)
j+

+
(

z

(x2 + y2 + z2)2
− x2 + y2

z

)
k.

13. a =
xyz i + y2z j− y

(
x2 + y2

)
k

(x2 + y2)
√
x2 + y2 + z2

.

14. a =

(
x− y2

x
√
x2 + y2

)
i +

(
y +

y√
x2 + y2

)
j + z k.

15. a =
xz − y

√
x2 + y2 + z2√
x2 + y2

i +
yz + x

√
x2 + y2 + z2√
x2 + y2

j−

−
√
x2 + y2 k.
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Ãëàâà 5

Èíòåãðàëüíûå òåîðåìû âåêòîðíîãî

àíàëèçà

Îñíîâíûå ôîðìóëû è îïðåäåëåíèÿ

Òåîðåìà 5.1. Ïóñòü â ïëîñêîé îáëàñòè D, îãðàíè÷åííîé
êîíòóðîì L, çàäàíî ïëîñêîå âåêòîðíîå ïîëå a, ãäå êîìïîíåíòû
ïîëÿ íåïðåðûâíû è èìåþò íåïðåðûâíûå ÷àñòíûå ïðîèçâîäíûå.

Òîãäà ñïðàâåäëèâà ôîðìóëà Ãðèíà:∮
L

ax dx+ ay dy =
∫
D

(
∂ay
∂x
− ∂ax

∂y

)
dxdy.

Ôîðìóëà Ãðèíà ñâÿçûâàåò äâîéíîé èíòåãðàë ïî
ïëîñêîé îáëàñòè ñ êðèâîëèíåéíûì èíòåãðàëîì ïî êîíòóðó
îáëàñòè. Îíà ïðåäñòàâëÿåò ñîáîé ÷àñòíûé ñëó÷àé ôîðìóëû

Ñòîêñà, êîòîðàÿ ñâÿçûâàåò ïîâåðõíîñòíûé èíòåãðàë II ðîäà ñ
êðèâîëèíåéíûì èíòåãðàëîì II ðîäà.

Òåîðåìà 5.2. Ïóñòü êîìïîíåíòû âåêòîðíîãî ïîëÿ

íåïðåðûâíû è èìåþò íåïðåðûâíûå ÷àñòíûå ïðîèçâîäíûå.

Òîãäà öèðêóëÿöèÿ âåêòîðíîãî ïîëÿ a ïî ëþáîìó çàìêíóòîìó

êîíòóðó L, ðàâíà ïîòîêó ðîòîðà ýòîãî âåêòîðà ÷åðåç ëþáóþ

ïîâåðõíîñòü S, íàòÿíóòóþ íà ýòîò êîíòóð:∮
L

a dr =
∫
S

rot a · n◦dσ.

Çäåñü ïðåäïîëàãàåòñÿ, ÷òî îðèåíòàöèÿ íîðìàëè n◦ ê
ïîâåðõíîñòè S ñîãëàñîâàíà ñ îðèåíòàöèåé êîíòóðà L òàê, ÷òîáû
èç êîíöà íîðìàëè îáõîä êîíòóðà â âûáðàííîì íàïðàâëåíèè áûë
âèäåí ñîâåðøàþùèìñÿ ïðîòèâ ÷àñîâîé ñòðåëêè.
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Òåîðåìà 5.3. Åñëè â íåêîòîðîé îáëàñòè ïðîñòðàíñòâà

êîìïîíåíòû âåêòîðíîãî ïîëÿ íåïðåðûâíû è èìåþò

íåïðåðûâíûå ÷àñòíûå ïðîèçâîäíûå, òî ïîòîê âåêòîðíîãî ïîëÿ

a ÷åðåç ëþáóþ êóñî÷íî-ãëàäêóþ ïîâåðõíîñòü S, ðàñïîëîæåííóþ

â ðàññìàòðèâàåìîé îáëàñòè ïðîñòðàíñòâà, ðàâåí òðîéíîìó

èíòåãðàëó îò äèâåðãåíöèè âåêòîðíîãî ïîëÿ a ïî îáúåìó V ,
îãðàíè÷åííîìó ýòîé ïîâåðõíîñòüþ (ôîðìóëà Îñòðîãðàäñêîãî):∫

S

a · n◦dσ =
∫∫∫
V

div a dxdydz.

Ôîðìóëà Îñòðîãðàäñêîãî ñâÿçûâàåò òðîéíîé èíòåãðàë
ïî ïðîñòðàíñòâåííîé îáëàñòè ñ ïîâåðõíîñòíûì èíòåãðàëîì ïî
ãðàíèöå îáëàñòè.

Ôîðìóëû Ãðèíà, Ñòîêñà è Îñòðîãðàäñêîãî îáúåäèíåíû
îäíîé èäååé: îíè âûðàæàþò èíòåãðàë, ðàñïðîñòðàíåííûé íà
íåêîòîðûé ãåîìåòðè÷åñêèé îáðàç, ÷åðåç èíòåãðàë, âçÿòûé ïî
ãðàíèöå ýòîãî îáðàçà. ïðè ýòîì ôîðìóëà Ãðèíà îòíîñèòñÿ
ê ñëó÷àþ äâóìåðíîãî ïëîñêîãî ïðîñòðàíñòâà, ôîðìóëà
Ñòîêñà � òàêæå ê ñëó÷àþ äâóìåðíîãî, íî ¾êðèâîãî¿
ïðîñòðàíñòâà, à ôîðìóëà Îñòðîãðàäñêîãî � ê ñëó÷àþ
òðåõìåðíîãî ïðîñòðàíñòâà. Â îáùåì ñëó÷àå èíòåãðàëüíûå
òåîðåìû âåêòîðíîãî àíàëèçà ðåøàþò çàäà÷ó ñâåäåíèÿ èíòåãðàëà
ëþáîé êðàòíîñòè ê èíòåãðàëó ìåíüøåé êðàòíîñòè.

Àíàëîãîì ýòèõ ôîðìóë äëÿ îäíîìåðíîãî ïðîñòðàíñòâà
ÿâëÿåòñÿ îñíîâíàÿ ôîðìóëà èíòåãðàëüíîãî èñ÷èñëåíèÿ:

b∫
a

f ′(x) dx = f(b)− f(a).

Çäåñü ãåîìåòðè÷åñêèì îáðàçîì, ïî êîòîðîìó áåðåòñÿ èíòåãðàë,
ÿâëÿåòñÿ îòðåçîê [a, b]. Ãðàíèöàìè ýòîãî îáðàçà ÿâëÿþòñÿ êîíöû
îòðåçêà, òî÷êè x = a x = b.

Ïðàêòè÷åñêîå çàíÿòèå

Çàäà÷à 5.1. Èñïîëüçóÿ òåîðåìó Îñòðîãðàäñêîãî-Ãàóññà
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âû÷èñëèòü ïîòîê ðàäèóñ-âåêòîðà r = x i + y j + z k ÷åðåç
çàäàííóþ çàìêíóòóþ ïîâåðõíîñòü â íàïðàâëåíèè âíåøíåé
íîðìàëè:
1) ñôåðà x2 + y2 + z2 = 16 ðàäèóñà R = 4,
2) óñå÷¼ííûé êðóãîâîé öèëèíäð: x2 + y2 = 4, z = 0, z =
= 5− x− 2y.

Ðåøåíè å: Âû÷èñëèì äèâåðãåíöèþ ïîëÿ ðàäèóñ-âåêòîðà r:

div r =
∂x

∂x
+
∂y

∂y
+
∂z

∂z
= 1 + 1 + 1 = 3.

Âîñïîëüçóåìñÿ âåêòîðíîé ôîðìîé òåîðåìû Îñòðîãðàäñêîãî:∮
S

a dσ =
∫∫∫
V

div a dV. Îòñþäà ñðàçó ïîëó÷àåì, ÷òî ïîòîê ðàäèóñ-

âåêòîðà ÷åðåç ëþáóþ çàìêíóòóþ ïîâåðõíîñòü ðàâåí óòðîåííîìó

îáú¼ìó, îãðàíè÷åííîìó ýòîé ïîâåðõíîñòüþ: Π =
∫∫∫
V

3 dV = 3V.

1) Ïóñòü ïîâåðõíîñòü � ñôåðà ðàäèóñà R = 4. Îáú¼ì ñôåðû

ðàâåí: V =
4
3
πR3 =

256π
3

. Îòñþäà ñëåäóåò: Π = 3V = 256π.

2) Ïóñòü ïîâåðõíîñòü � óñå÷¼ííûé êðóãîâîé öèëèíäð.
Îñíîâàíèå öèëèíäðà � îêðóæíîñòü x2 + y2 = 4, êîòîðàÿ ëåæèò
â ïëîñêîñòè z = 0. Ñâåðõó öèëèíäð îòñåêàåòñÿ ïëîñêîñòüþ

z = 5− x− 2y. Îáú¼ì òàêîãî öèëèíäðà ðàâåí: V = πR2h1 + h2

2
.

Âûñîòó h1 ìîæíî çàäàòü êîîðäèíàòàìè òî÷êè M2(−2; 0), òîãäà
z = h1 = 5 − (−2) − 2 · 0 = 7. Âûñîòó h2 ìîæíî çàäàòü
êîîðäèíàòàìè òî÷êè M2(2; 0), òîãäà z = h2 = 5 − 2 − 0 = 3

Òîãäà ïîòîê ðàâåí: Π = 3πR2h1 + h2

2
= 15π22 = 60π. h1 è h2

ìîæíî òàêæå íàõîäèòü èç êîîðäèíàò òî÷åê N1 = (0;−2), òîãäà
h1 = 5− 0 + 4 = 9 è N2 = (0; 2), òîãäà h2 = 5− 0− 4 = 1, îòñþäà:
h1 + h2

2
= 5.

Çàäà÷à 5.2. Èñïîëüçóÿ òåîðåìó Îñòðîãðàäñêîãî-Ãàóññà
âû÷èñëèòü â íàïðàâëåíèè âíåøíåé íîðìàëè ïîòîê âåêòîðíîãî
ïîëÿ a = x2 i + y2 j − z2 k ÷åðåç ïîâåðõíîñòü ïàðàëëåëåïèïåäà
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îãðàíè÷åííîãî ïëîñêîñòÿìè: x1 = −1, x2 = 2, y1 = 0, y2 = 1,
z1 = 2, z2 = 4.

Ðåøåíè å: Âû÷èñëèì äèâåðãåíöèþ çàäàííîãî âåêòîðíîãî
ïîëÿ: div a = 2x + 2y − 2z. Âîñïîëüçóåìñÿ òåîðåìîé
Îñòðîãðàäñêîãî-Ãàóññà:

Π =
∮
S

a dσ =
∮
S

an◦ dσ =
∫∫∫
V

(2x+ 2y − 2z) dV.

Òàê êàê çàäàííàÿ ïîâåðõíîñòü ïàðàëëåëåïèïåä, âû÷èñëåíèå
òðîéíîãî èíòåãðàëà óäîáíî ïðîâîäèòü â äåêàðòîâîé ñèñòåìå
êîîðäèíàò. Òîãäà ýëåìåíò îáú¼ìà ðàâåí: dV = dxdydz. Ñîãëàñíî
ñâîéñòâó ëèíåéíîñòè, ïîñòîÿííûé ìíîæèòåëü ìîæíî âûíåñòè çà
çíàê èíòåãðàëà. Â ðåçóëüòàòå ïîëó÷èì:

Π = 2
∫∫∫
V

(x+ y − z) dx dy dz.

Ïîëó÷åííûé òðîéíîé èíòåãðàë ñâîäèòñÿ ê âû÷èñëåíèþ òð¼õ
îäíîêðàòíûõ èíòåãðàëîâ, äëÿ êîòîðûõ íåîáõîäèìî ðàññòàâèòü
ñîîòâåòñòâóþùèå ïðåäåëû èíòåãðèðîâàíèÿ, çàäàííûå ïî
óñëîâèþ çàäà÷è. Òîãäà:

Π = 2

2∫
−1

dx

1∫
0

dy

4∫
2

(x+ y − z) dz.

Âû÷èñëèì êàæäûé èç ïîâòîðíûõ èíòåãðàëîâ îòäåëüíî:

1)

4∫
2

(x+ y − z) dz = 2x+ 2y − 6,

2) 2

1∫
0

(x+ y − 3) dy = 2
(
x− 5

2

)
,

3) 2

2∫
−1

(
x− 5

2

)
dx = −12.
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Èòàê, ïîòîê âåêòîðíîãî ïîëÿ ðàâåí: Π = 2 · (−12) = −24.

Çàäà÷à 5.3. Ïðèìåíÿÿ ôîðìóëó Ãðèíà âû÷èñëèòü
öèðêóëÿöèþ âåêòîðíîãî ïîëÿ a = y

(
2x− y2 − 1

)
i+x

(
x− 3y2

)
j

ïî çàäàííîìó êîíòóðó:
1) êîíòóð ïàðàëëåëîãðàìì, îãðàíè÷åííûé ïðÿìûìè: y = 2,
y = 5, y = x, y = x− 3,

2) êîíòóð ýëëèïñ:
x2

9
+
y2

16
= 1.

Ðåøåíè å: Äëÿ ðåøåíèÿ çàäà÷è âîñïîëüçóåìñÿ ôîðìóëîé
Ãðèíà: ∮

L

ax dx+ ay dy =
∫∫
D

(
∂ay
∂x
− ∂ax

∂y

)
dx dy.

Çàäàííîå âåêòîðíîå ïîëå èìååò ñëåäóþùèå êîìïîíåíòû:

ax = y
(
2x− y2 − 1

)
, ay = x

(
x− 3y2

)
.

Íàéä¼ì ÷àñòíûå ïðîèçâîäíûå:
∂ay
∂x

= 2x − 3y2,
∂ax
∂y

= 2x −

−3y2−1, è ñîñòàâèì ðàçíîñòü:
∂ay
∂x
− ∂ax
∂y

= 1, êîòîðàÿ ÿâëÿåòñÿ

ïîäûíòåãðàëüíîé ôóíêöèåé â ïðàâîé ÷àñòè ôîðìóëû Ãðèíà.
Òîãäà äëÿ öèðêóëÿöèè âåêòîðíîãî ïîëÿ ïîëó÷èì: C =

∫∫
D

dx dy.

Ýòîò èíòåãðàë åñòü ïëîùàäü ïëîñêîé ôèãóðû, îãðàíè÷åííîé
çàäàííûì êîíòóðîì.

1) Ïóñòü êîíòóð ïàðàëëåëîãðàìì îãðàíè÷åí ïðÿìûìè: y =
= 2, y = 5, y = x, y = x − 3. Ïîñòðîèì ãðàôèê è îáîçíà÷èì
âåðøèíû ïàðàëëåëîãðàììà A, B, C, D. Íàéä¼ì åãî ïëîùàäü
S = ah, çäåñü: a = |AB| = 3, h = |BD| = 3⇒ S = 3 · 3 = 9 (åä.)2.

2) Ïóñòü êîíòóð ýëëèïñ çàäàííûé óðàâíåíèåì:
x2

9
+
y2

16
= 1.

Íàéä¼ì ïëîùàäü ýëëèïñà ïî ôîðìóëå S = πab, çäåñü a = 3,
b = 4. Îòñþäà: S = π · 3 · 4 = 12π. Ýòó çàäà÷ó ìîæíî òàêæå
ðåøàòü íåïîñðåäñòâåííî, âû÷èñëÿÿ êðèâîëèíåéíûé èíòåãðàë â
ëåâîé ÷àñòè ôîðìóëû Ãðèíà. Îäíàêî, åñëè ïðèìåíèòü ôîðìóëó
Ãðèíà âû÷èñëåíèÿ çíà÷èòåëüíî óïðîùàþòñÿ.
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Çàäà÷à 5.4. Èñïîëüçóÿ òåîðåìó Ñòîêñà íàéòè öèðêóëÿöèþ
âåêòîðíîãî ïîëÿ a =

(
x3 + z

)
i +

(
y3 + x

)
j +

(
z3 + y

)
k

ïî çàäàííîìó êîíòóðó, ÿâëÿþùåìóñÿ ëèíèåé ïåðåñå÷åíèÿ
ïëîñêîñòè 4x+ 4y + z = 4 ñ êîîðäèíàòíûìè ïëîñêîñòÿìè:

Ðåøåíè å: Âû÷èñëèì ðîòîð çàäàííîãî âåêòîðíîãî ïîëÿ.
Êîìïîíåíòàìè ïîëÿ ÿâëÿþòñÿ ôóíêöèè: ax = x3 +z, ay = y3 +x,
az = z3 + y. Òîãäà:

rot a =

∣∣∣∣∣∣∣∣∣
i j k

∂

∂x

∂

∂y

∂

∂z

x3 + z y3 + x z3 + y

∣∣∣∣∣∣∣∣∣ = i + j + k.

Äëÿ ðåøåíèÿ çàäà÷è âîñïîëüçóåìñÿ òåîðåìîé Ñòîêñà:∮
S

rot a · n◦ dσ =
∮
L

a dr. Îòñþäà âèäíî, ÷òî íóæíî íàéòè

êîîðäèíàòû åäèíè÷íîãî âåêòîðà íîðìàëè n◦ ê óðàâíåíèþ
ïëîñêîñòè, íà êîòîðîé ëåæèò çàäàííûé êîíòóð. Ïóñòü çàäàííàÿ
ïîâåðõíîñòü, ò. å. ïëîñêîñòü 4x + 4y + z = 4, ïðîåêòèðóåòñÿ íà
êîîðäèíàòíóþ ïëîñêîñòü xOy. Òîãäà: z = 4− 4x− 4y,

n◦ = ± gradu
|gradu|

, cosα = −
∂z
∂x√

1 +
(
∂z
∂x

)2
+
(
∂z
∂y

)2
=

4√
33
,

cosβ = −
∂z
∂y√

1 +
(
∂z
∂x

)2
+
(
∂z
∂y

)2
=

4√
33
, cos γ =

1√
33
.

Âû÷èñëèì òåïåðü ñêàëÿðíîå ïðîèçâåäåíèå:

rot a · n◦ = ( i + j + k)
(

4√
33

i +
4√
33

j +
1√
33

k
)

=
9√
33
.

Òàêèì îáðàçîì: C =
∮
L

a dr =
9√
33

∫∫
S

dσ.

Îò èíòåãðàëà ïî ïîâåðõíîñòè ïåðåõîäèì òåïåðü ê äâîéíîìó
èíòåãðàëó, êîòîðûé âû÷èñëÿåòñÿ ïî ïëîñêîé îáëàñòè. Ýòî
îçíà÷àåò, ÷òî â óðàâíåíèè çàäàííîé ïëîñêîñòè ïîëàãàåì z =
= 0. Îòñþäà ñëåäóåò: x + y = 1. Òàêèì îáðàçîì, îáëàñòü
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èíòåãðèðîâàíèÿ ýòî òðåóãîëüíèê, ãäå ïåðåìåííàÿ x èçìåíÿåòñÿ
îò 0 6 x 6 1, à ïåðåìåííàÿ y: 0 6 y 6 1− x. Òîãäà:

9√
33

∫∫
S

dσ =
9√
33

∫∫
D

dx dy

cos γ
= 9

∫∫
D

dx dy = 9

1∫
0

dx

1−x∫
0

dy =
9
2
.

Çàäà÷à 5.5. Èñïîëüçóÿ ôîðìóëó Ñòîêñà âû÷èñëèòü ïîòîê
ðîòîðà âåêòîðíîãî ïîëÿ a èç ïðåäûäóùåé çàäà÷è ÷åðåç
÷àñòü ïîâåðõíîñòè z = 5

(
4− x2 − y2

)
, ðàñïîëîæåííîé íàä

êîîðäèíàòíîé ïëîñêîñòüþ xOy:
Ðåøåíè å: Âîñïîëüçóåìñÿ òåîðåìîé Ñòîêñà:

∮
S

rot a ·n◦ dσ =

=
∮
L

a dr. Òîãäà èñêîìûé ïîòîê ðàâåí öèðêóëÿöèè çàäàííîãî

âåêòîðíîãî ïîëÿ âäîëü çàìêíóòîãî êîíòóðà, ðàñïîëîæåííîãî
íà ãðàíèöå ýòîé ïîâåðõíîñòè. Êîíòóð L ÿâëÿåòñÿ ãðàíèöåé
ïðîåêöèè ïîâåðõíîñòè íà êîîðäèíàòíóþ ïëîñêîñòü xOy, ò. å. ìû
â óðàâíåíèè ïîâåðõíîñòè z = 5

(
4− x2 − y2

)
äîëæíû ïîëîæèòü

z = 0. Òîãäà óðàâíåíèå êîíòóðà L áóäåò L := {x2 + y2 = 4}. Ýòî
åñòü óðàâíåíèå îêðóæíîñòè ñ ðàäèóñîì ðàâíûì R = 2.

Âû÷èñëèì ñêàëÿðíîå ïðîèçâåäåíèå: a dr =
(
x3 + z

)
dx +

+
(
y3 + x

)
dy +

(
z3 + y

)
dz.

Òàê êàê êîíòóð ðàñïîëîæåí â ïëîñêîñòè xOy, òî z = 0. Òîãäà
dz = 0 òàêæå ðàâíî íóëþ. Îòñþäà: a dr =

(
x3
)
dx+

(
y3 + x

)
dy.

Çàïèøåì óðàâíåíèå îêðóæíîñòè â ïàðàìåòðè÷åñêîì âèäå:{
x = 2 cos t,
y = 2 sin t,

⇒
{
dx = − 2 sin t dt,
dy = 2 cos t dt,

ãäå ïàðàìåòð t èçìåíÿåòñÿ îò 0 6 t < 2π. Âû÷èñëèì òåïåðü
öèðêóëÿöèþ:

C =
∮
L

x3 dx+
(
y3 + x

)
dy =

=

2π∫
0

(
−16 cos3 t sin t+

(
8 sin3 t+ 2 cos t

)
2 cos t

)
dt = 4π.
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Âàðèàíòû êîíòðîëüíûõ ðàáîò

Çàäà÷à 5.1. Èñïîëüçóÿ òåîðåìó Îñòðîãðàäñêîãî-Ãàóññà

âû÷èñëèòü ïîòîê ðàäèóñ âåêòîðà r = x i + y j + z k ÷åðåç

çàäàííóþ çàìêíóòóþ ïîâåðõíîñòü â íàïðàâëåíèè âíåøíåé

íîðìàëè:

1. x2 +
y2

4
+
z2

9
= 1.

2. x2 + y2 + z2 = 4.

3. x2 +
y2

4
− z2

9
= 0.

4. z = x2 +
y2

4
, z = 3. � ýëëèïòè÷åñêèé ïàðàáîëîèä.

5.
x2

4
+
y2

9
= 1, z = 1, z = 4. � ýëëèïòè÷åñêèé öèëèíäð.

6. ïèðàìèäà, îñíîâàíèå êîòîðîé ïðÿìîóãîëüíèê ñ a = 1,
b = 2, âûñîòà ïèðàìèäû h = 3.
7. òîð, R1 = 1, R2 = 3 � âíóòðåííèé è âíåøíèé ðàäèóñû òîðà.

V =
π2

4
(R2 −R1)2 (R2 +R1)

8. ïèðàìèäà, îñíîâàíèå ïàðàëëåëîãðàìì ñ a = 3, h = 1, âûñîòà
ïèðàìèäû H = 4.
9. x2+y2 = 1, z = 0, z = 3+2x−2 y. � óñå÷¼ííûé êðóãîâîé
öèëèíäð.
10. òîð, R1 = 3, R2 = 4 � âíóòðåííèé è âíåøíèé ðàäèóñû òîðà.

V =
π2

4
(R2 −R1)2 (R2 +R1)

11.
x2

16
+
y2

9
= 1, z = 1, z = 2 � ýëëèïòè÷åñêèé öèëèíäð.

12. z =
x2

4
+
y2

9
, z = 4 � ýëëèïòè÷åñêèé ïàðàáîëîèä.

13.
x2

9
+ y2 − z2

25
= 0 � êîíóñ.

14. x2 + y2 + z2 = 9.

15.
x2

4
+ 4 y2 + z2 = 1.

Çàäà÷à 5.2. Èñïîëüçóÿ òåîðåìó Îñòðîãðàäñêîãî-Ãàóññà
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âû÷èñëèòü ïîòîê âåêòîðíîãî ïîëÿ a â íàïðàâëåíèè âíåøíåé

íîðìàëè ÷åðåç çàäàííóþ çàìêíóòóþ ïîâåðõíîñòü:

1. a = x3 i + y3 j− z3 k, 0 6 x 6 a, 0 6 y 6 a, 0 6 z 6 a.
2. a = x2 i + y2 j− z2 k, 0 6 x 6 5, 0 6 y 6 4, 0 6 z 6 3.
3. a = x2 i + y2 j + z k, 1 6 x 6 2, 3 6 y 6 4, 5 6 z 6 6.
4. a = (x+ y) i + (y − z) j + z2 k, 0 6 x 6 2, 0 6 y 6 4,

0 6 z 6 3.
5. a = xy i + yz j + xz k, 2 6 x 6 4, 2 6 y 6 4, 3 6 z 6 5.
6. a = xz i + y2 j− yz k, 0 6 x 6 a, 0 6 y 6 b, 0 6 z 6 c.
7. a = x2y i + zy2j + xz2 k, 0 6 x 6 2, 1 6 y 6 3, 2 6 z 6 4.
8. a = x2 i + xy j + z2 k, 4 6 x 6 5, 0 6 y 6 4, 1 6 z 6 3.
9. a = x i− y2 j + z3 k, 1 6 x 6 3, 1 6 y 6 3, 1 6 z 6 3.
10. a = x3 i− y2 j + z k, 0 6 x 6 1, 0 6 y 6 4, 0 6 z 6 3.
11. a = x2 i− y3 j + z k, −1 6 x 6 1, 0 6 y 6 2, −2 6 z 6 0.
12. a = x3 i + y j− z2 k, −2 6 x 6 1, 0 6 y 6 4, 1 6 z 6 3.
13. a = x i− y3j + z2 k, −3 6 x 6 −1, −2 6 y 6 0, −1 6 z 6 1.
14. a = x4 i + y2j− z2 k, −3 6 x 6 0, 0 6 y 6 1, 1 6 z 6 3.
15. a = x3 i + y3 j− z4 k, 0 6 x 6 2, 0 6 y 6 2, 0 6 z 6 2.

Çàäà÷à 5.3. Ïðèìåíÿÿ ôîðìóëó Ãðèíà âû÷èñëèòü

öèðêóëÿöèþ âåêòîðíîãî ïîëÿ a ïî çàäàííîìó êîíòóðó L:

1. a =
(
x− y2

)
i + 2xy j, L : {x = 0, y = 0, x+ y = 6}.

2. a = (2x− 5 y) i + (y − 4x) j, L : {x2 + y2 = 4}.
3. a =

(
2 y + x2

)
i+
(
5x− 4y2

)
j, L :{x = 0, y = 5, x = 3, y = 0}.

4. a = y (1 + 2x) i + x (2 + x) j, L :
{
x2

4
+
y2

9
= 1
}
.

5. a = (x+ y) i + (y − x) j, L : {y = 0, y = 2, y = x, y = x− 4}.
6. a =

(
x3 − y2

)
i + x (1− 2y) j, L : {x = 1, y = 0, 2x+ y = 4}.

7. a = −y2 i + x (3− 2 y) j, L : {(x− 1)2 + (y − 1)2 = 9}.
8. a =

(
y3 + x3

)
i + x

(
3y2 − 1

)
j,

L : {x = 1, x = 5, y = 0, y = 4}.

9. a = (3x− 7 y) i + (2y − 6x) j, L :
{
x2 +

y2

9
= 1
}
.

10.a =
(
x4 − 5 y

)
i +
(
y4 − 4x

)
j,

L : {y = 1, y = 4, y = x, y = x− 4}.
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11.a =
(
3x2 − 4 y3

)
i− 3x

(
1 + 4 y2

)
j,

L : {x = 1, y = 1, y = 6− x}.
12.a = (x+ 5 y) i +

(
6x− 4 y2

)
j, L : {x2 + y2 = 2}.

13.a =
(
5x3 − y2

)
i + y (y − 3x) j,

L : {y = 0, y = 4, x = 0, x = 3}.

14.a =
(
x2 − y2 − y

)
i +
(
y2 + 2xy + x

)
j, L :

{
x2

4
+ y2 = 1

}
.

15.a =
(
y + x2

)
i + x (1 + y) j,

L : {y = 0, y = 1, x = 2 y, x = 2 y + 6}.

Çàäà÷à 5.4. Èñïîëüçóÿ òåîðåìó Ñòîêñà íàéòè öèðêóëÿöèþ

âåêòîðíîãî ïîëÿ a ïî çàäàííîìó êîíòóðó, ÿâëÿþùåìóñÿ ëèíèåé

ïåðåñå÷åíèÿ ïëîñêîñòè P ñ êîîðäèíàòíûìè ïëîñêîñòÿìè:

1. a = y i + z j + xk, P : {3x− y + 2 z = 4}.
2. a =

(
x2 + y

)
i +
(
y2 + z2

)
j + z

(
2y − z2

)
k,

P : {12x+ 10y + 15z = 60}.
3. a = z i + x j + y k, P : {5x+ 3 y − 5 z = 15}.
4. a = y i− x j + (x+ y) k, P : {4x− y − 2 z = −8}.
5. a = z2 i, P : {15x− 12 y + 10 z = 60}.
6. a = y2 i + z2 j, P : {4x− 3 y + 3 z = 12}.
7. a = y i− x j + z k, P : {−8x− 4 y + 3 z = 24}.
8. a = z2 i + (x+ z) j + (x+ y) k, P : {3x+ y − 6 z = 6}.
9. a =

(
x4 + y

)
i +
(
y3 − z2

)
j + z

(
z2 − 2y

)
k,

P : {4x+ 4 y + z = 4}.
10. a = x

(
x2 − 2 y

)
i +
(
y3 − x2

)
j +
(
z3 + y

)
k,

P : {10x+ 5 y + 4 z = 20}.
11. a =

(
x3 − y2

)
i + y

(
y2 − 2x

)
j +
(
z3 + 2x

)
k,

P : {4x− 5 y − 10 z = 20}.
12. a =

(
x3 − z

)
i +
(
y3 − z

)
j +
(
z3 − x

)
k,
P : {6x− 3 y + 2 z = 6}.

13. a =
(
x2 − 4 z

)
i +
(
y2 − 2 z

)
j +
(
z2 − 4x

)
k,

P : {4x+ 6 y + 3 z = 12}.
14. a =

(
x4 − z

)
i +
(
y4 − x

)
j +
(
z4 − y

)
k,

P : {15x− 6y + 5z = 30}.
15. a =

(
2 y − x2

)
i +
(
z − y2

)
j +
(
z2 − 3x

)
k,
P : {7x− y + 7z = 7}.
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Çàäà÷à 5.5. Èñïîëüçóÿ ôîðìóëó Ñòîêñà âû÷èñëèòü

ïîòîê ðîòîðà âåêòîðíîãî ïîëÿ a ÷åðåç ÷àñòü ïîâåðõíîñòè

S, ðàñïîëîæåííîé íàä çàäàííîé êîîðäèíàòíîé ïëîñêîñòüþ P :

1. a =
(
yx2 + z2

)
i + (y + z) j +

(
x3 + y2z

)
k,

S : {z = 3(4− x2 − y2)}, P : {xOy}.
2. a = (y + 2x) i + x2z2 j +

(
x2 + y2

)
k,

S : {2 z = 1− x2 − y2}, P : {xOy}.
3. a = x3z i +

(
y2 + z2

)
j + xk,
S : {y = 2(9− x2 − z2)}, P : {xOz}.

4. a =
(
x3 + z

)
i + xyz j + yz2 k,

S : {2 y = 1− x2 − z2}, P : {xOz}.
5. a =

(
y2 + 3 z

)
i + xy2 j + (2 y − z) k,

S : {x = 2
(
1− y2 − z2

)
}, P : {yOz}.

6. a =
(
x3 − z2

)
i− z j + 5 y k,

S : {3x = 4− y2 − z2}, P : {yOz}.
7. a =

(
x2 + y2

)
i + zy2 j− x2y k,
S : {z = 9− (x− 1)2 − (y − 1)2}, P : {xOy}.

8. a =
(
x2 + y

)
i +
(
y2 + z2

)
j +
(
z2 + x

)
k,

S : {3 z = 1− (x+ 1)2 − (y + 1)2}, P : {xOy}.
9. a =

(
z2 + y

)
i + (x+ z − y) j +

(
y2 + x

)
k,

S : {y = 1− (x− 1)2 − (z + 1)2}, P : {xOz}.
10. a =

(
x2 + y

)
i− x3y2z j +

(
y2 + xz

)
k,

S : {2 y = 1− (x+ 1)2 − (z − 1)2}, P : {xOz}.
11. a = (2x+ y z) i + (y − 3 z) j + (2 y + z) k,

S : {x = 1− (y − 2)2 − (z − 2)2}, P : {yOz}.
12. a = (1 + x y z) i + (2 y + 3 z) j + (y − z) k,

S : {2x = 4− (y + 2)2 − (z + 2)2}, P : {yOz}.
13. a = −y i + x j + x3y3 k,

S : {z = 5
(
16− x2 − y2

)
}, P : {xOy}.

14. a = (z − 3x) i +
(
y2 − x z

)
j + y x2 k,

S : {3 y = 16− x2 − z2}, P : {xOz}.
15. a =

(
x2 + y2 − z2

)
i− z j + y k,

S : {2x = 16− y2 − z2}, P : {yOz}.
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Ãëàâà 6

Äèôôåðåíöèàëüíûå îïåðàöèè

âòîðîãî ïîðÿäêà

Îñíîâíûå ôîðìóëû è îïðåäåëåíèÿ

Ìíîãèå îïåðàöèè âåêòîðíîãî àíàëèçà ìîãóò áûòü çàïèñàíû
â ñîêðàù¼ííîé è óäîáíîé äëÿ ðàñ÷¼òîâ ôîðìå ñ ïîìîùüþ
ñèìâîëè÷åñêîãî îïåðàòîðà Ãàìèëüòîíà ¾íàáëà¿:

∇ = i
∂

∂x
+ j

∂

∂y
+ k

∂

∂z
.

Â ðàìêàõ âåêòîðíîé àëãåáðû ôîðìàëüíûå îïåðàöèè íàä
îïåðàòîðîì ¾íàáëà¿ ïðîâîäÿòñÿ òàê, êàê åñëè áû îí áûë
âåêòîðîì. Òîãäà ∇u = gradu, (∇, a) = div a, [∇, a] = rot a.
Äèôôåðåíöèàëüíûå îïåðàöèè âòîðîãî ïîðÿäêà ïîëó÷àþòñÿ
â ðåçóëüòàòå äâóêðàòíîãî ïðèìåíåíèÿ ê ïîëÿì îïåðàòîðà ∇.
Âñåãî ìîæíî ñîñòàâèòü èç íèõ äåâÿòü ïàð. Ïðèìåíèòåëüíî
ñ ñêàëÿðíîìó ïîëþ èìåþò ñìûñë òîëüêî äâå îïåðàöèè:
rot gradu = 0 è div gradu. Ïðèìåíèòåëüíî ñ âåêòîðíîìó ïîëþ
èìåþò ñìûñë òðè îïåðàöèè: grad div a, rot rot a è div rot a = 0.
Îñòàëüíûå ÷åòûðå îïåðàöèè ñìûñëà íå èìåþò.

Â âåêòîðíîì ïîëå ∇u îïåðàòîð ∇, ïðèìåí¼ííûé ïîâòîðíî
äà¼ò ñêàëÿðíîå ïîëå: (∇, ∇u) = div gradu.

div gradu = ∆u =
∂2u

∂x2
+
∂2u

∂y2
+
∂2u

∂z2
,

çäåñü ñèìâîë, ïðåäñòàâëåííûé êàê ñêàëÿðíîå ïðîèçâåäåíèå

îïåðàòîðà Ãàìèëüòîíà íà ñàìîãî ñåáÿ (∇, ∇) ≡ ∆ ≡ ∂2

∂x2
+
∂2

∂y2
+

+
∂2

∂z2
, íàçûâàåòñÿ îïåðàòîðîì Ëàïëàñà.
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Ïðàêòè÷åñêîå çàíÿòèå

Çàäà÷à 6.1. Äëÿ çàäàííûõ ñêàëÿðíîãî u = x5 + y5 + z5 è
âåêòîðíîãî a = zex i + xey j + yez k ïîëåé íàéòè: 1) grad div a, 2)
div gradu, 3) rot rot a.

Ðåøåíè å: 1) Ïóñòü div a = f. Òîãäà:
f = (zex)′x + (xey)′y + (yez)′z = zex + xey + yez.

grad f =
∂f

∂x
i +

∂f

∂y
j +

∂f

∂z
k.

Âû÷èñëèì ÷àñòíûå ïðîèçâîäíûå ôóíêöèè f :
∂f

∂x
= zex + ey,

∂f

∂y
= xey + ez,

∂f

∂z
= yez + ex.

Îòñþäà ñëåäóåò:
grad div a = (zex + ey) i + (xey + ez) j + (yez + ex) k.
2) Íàõîäèì ÷àñòíûå ïðîèçâîäíûå:

∂2u

∂x2
= 20x3,

∂2u

∂y2
= 20y3,

∂2u

∂z2
= 20z3.

Îòñþäà ñëåäóåò: ∆u = 20
(
x3 + y3 + z3

)
3) Åù¼ îäíà îïåðàöèÿ âòîðîãî ïîðÿäêà rot rot a = ∇ ×
× (∇× a) ≡ [∇, [∇, a]] . Âîñïîëüçóåìñÿ ôîðìóëîé äëÿ äâîéíîãî
âåêòîðíîãî ïðîèçâåäåíèÿ, çàïèñàííîé â âèäå: [A, [B, C]] =
= B (AC)− (AB) C. Çàìåíÿÿ â ýòîé ôîðìóëå A íà ∇, B íà ∇,
C íà a, ïîëó÷èì: [∇, [∇, a]] = ∇ (∇a)−(∇∇) a = ∇ (∇a)−∆a.
Òîãäà îêîí÷àòåëüíî ïîëó÷àåì:

rot rot a = ∇× (∇× a) = grad div a−∆a.

∆a =
(
∂2ax
∂x2

+
∂2ax
∂y2

+
∂2ax
∂z2

)
i+

+
(
∂2ay
∂x2

+
∂2ay
∂y2

+
∂2ay
∂z2

)
j +
(
∂2az
∂x2

+
∂2az
∂y2

+
∂2az
∂z2

)
k.

∆a = (zex + 0 + 0) i + (0 + xey + 0) j + (0 + 0 + yez) k.
Òîãäà: rot rot a = ey i + ez j + ex k.
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Çàäà÷à 6.2. Èñïîëüçóÿ ñâîéñòâà îïåðàòîðà Ãàìèëüòîíà äëÿ
ñêàëÿðíîãî u = x + y + z è âåêòîðíîãî a = x i + y j + z k ïîëåé
íàéòè: 1) div (ua), 2) rot (ua)

Ðåøåíè å: 1) Åñëè îïåðàòîð Ãàìèëüòîíà äåéñòâóåò íà
êàêîå-ëèáî ïðîèçâåäåíèå â ïåðâóþ î÷åðåäü ó÷èòûâàåòñÿ åãî
äèôôåðåíöèàëüíûé õàðàêòåð (ïî ïðàâèëó äèôôåðåíöèðîâàíèÿ
ïðîèçâåäåíèÿ), à ïîòîì óæå âåêòîðíûå ñâîéñòâà. Â íà÷àëå
ïîäåéñòâóåì îïåðàòîðîì ∇ íà ñêàëÿðíóþ ôóíêöèþ u
(îáîçíà÷àåòñÿ ñòðåëêîé ñâåðõó), à çàòåì íà âåêòîðíóþ a:

div (ua) = ∇ (ua) = ∇ (
↓
ua) +∇ (u

↓
a) = a gradu+ udiv a.

gradu = (x+ y + z)′x i + (x+ y + z)′y j + (x+ y + z)′z k = i + j +
+ k. div a = (x)′x + (y)′y + (z)′z = 3.

Èñïîëüçóÿ ôîðìóëó ñêàëÿðíîãî ïðîèçâåäåíèÿ äâóõ âåêòîðîâ
âû÷èñëÿåì: a gradu = x · 1 + y · 1 + z · 1 = x+ y + z. Ñîâåðøàåì
ïîäñòàíîâêó: div (ua) = 4 (x+ y + z) .

2) rot (ua) = ∇×(ua) = ∇×(
↓
ua)+∇×(u

↓
a) = gradu×a+u rot a.

rot a =

∣∣∣∣∣∣∣∣∣
ex ey ez

∂

∂x

∂

∂y

∂

∂z

x y z

∣∣∣∣∣∣∣∣∣ = 0 i + 0 j + 0 k = 0, òîãäà:u rot a = 0.

gradu × a =

∣∣∣∣∣∣∣∣
ex ey ez

1 1 1

x y z

∣∣∣∣∣∣∣∣ = (z − y) i + (x− z) j + (y − x) k.

Îòñþäà ñëåäóåò: rot (ua) = (z − y) i + (x− z) j + (y − x) k.

Çàäà÷à 6.3. Äëÿ ñêàëÿðíîãî ïîëÿ u, çàäàííîãî â äåêàðòîâîé
ñèñòåìå êîîðäèíàò, íàéòè âûðàæåíèå ýòîãî ïîëÿ è Ëàïëàñèàí â
öèëèíäðè÷åñêîé ñèñòåìå êîîðäèíàò: u =

(
x2 + y2

)
z.

Ðåøåíè å: Ñâÿçü äåêàðòîâûõ êîîðäèíàò ñ
öèëèíäðè÷åñêèìè îïðåäåëÿåòñÿ ôîðìóëàìè:
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x = ρ cosϕ, y = ρ sinϕ, z = z.

Îòñþäà íàõîäèì âûðàæåíèå çàäàííîãî ïîëÿ â öèëèíäðè÷åñêîé
ñèñòåìå êîîðäèíàò: u =

(
x2 + y2

)
z = ρ2

(
cos2 ϕ+ sin2 ϕ

)
z = ρ2z.

Ëàïëàñèàí ñêàëÿðíîãî ïîëÿ â öèëèíäðè÷åñêîé ñèñòåìå
êîîðäèíàò âû÷èñëÿåòñÿ ïî ôîðìóëå:

∆u = div gradu =
1
ρ

∂

∂ρ

(
ρ
∂u

∂ρ

)
+

1
ρ2

∂2u

∂ϕ2
+
∂2u

∂z2
.

Âû÷èñëÿåì ïðîèçâîäíûå:
∂u

∂ϕ
= 0,

∂2u

∂ϕ2
= 0,

∂u

∂z
=
(
ρ2z
)′
z

=

= ρ2,
∂2u

∂z2
= 0,

∂u

∂ρ
= 2ρz,

∂(2ρ2z)
∂ρ

= 4ρz. Òîãäà: ∆u =

=
1
ρ

4ρz + 0 + 0 = 4z.

Çàäà÷à 6.4. Ïåðåéòè ê ñôåðè÷åñêèì êîîðäèíàòàì â
âûðàæåíèè ñêàëÿðíîãî ïîëÿ u è íàéòè Ëàïëàñèàí ýòîãî ïîëÿ â
ñôåðè÷åñêîé ñèñòåìå êîîðäèíàò: u =

(
x2 + y2

)
z.

Ðåøåíè å: Ñâÿçü äåêàðòîâûõ êîîðäèíàò ñî ñôåðè÷åñêèìè
îïðåäåëÿåòñÿ ôîðìóëàìè:

x = r sin θ cosϕ, y = r sin θ sinϕ, z = r cos θ.

Îòñþäà íàõîäèì âûðàæåíèå çàäàííîãî ïîëÿ â
ñôåðè÷åñêîé ñèñòåìå êîîðäèíàò: u =

(
x2 + y2

)
z =

= r2
(
sin2 θ cos2 ϕ+ sin2 θ sin2 ϕ

)
r cos θ = r3 sin2 θ cos θ.

Ëàïëàñèàí ñêàëÿðíîãî ïîëÿ â ñôåðè÷åñêîé ñèñòåìå
êîîðäèíàò âû÷èñëÿåòñÿ ïî ôîðìóëå:

∆u = div gradu =
1
r2

∂

∂r

(
r2
∂u

∂r

)
+

+
1

r2 sin θ
∂

∂θ

(
sin θ

∂u

∂θ

)
+

1
r2 sin2 θ

∂2u

∂ϕ2
.

Ïîäñòàâëÿÿ â ýòî âûðàæåíèå ôóíêöèþ u ïîëó÷àåì: ∆u =
= 4r cos θ.
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Çàäà÷à 6.5. Äëÿ âåêòîðíîãî ïîëÿ a íàéòè: b = rot rot rot a,
ãäå a=

(
sinx+2y2−z3

)
i+
(
cos y − x3 + 3z2

)
j+
(
sin z+4x2−y3

)
k.

Ðåøåíè å: Îïåðàöèÿ rot rot rot a ÿâëÿåòñÿ
äèôôåðåíöèàëüíîé îïåðàöèåé òðåòüåãî ïîðÿäêà. Çàäà÷ó
ìîæíî ðåøàòü íåïîñðåäñòâåííî ïðèìåíÿÿ îïåðàöèþ rot ê
çàäàííîìó ïîëþ a. Îäíàêî òð¼õêðàòíîå ïðèìåíåíèå îïåðàöèè
rot ïðèâîäèò ê ãðîìîçäêèì âû÷èñëåíèÿì. Âûðàçèâ äàííûå
îïåðàöèè ñ ïîìîùüþ îïåðàòîðà Ãàìèëüòîíà ìîæíî óïðîñòèòü
çàäà÷ó. Ïðèìåíèì ôîðìóëó èç ðåøåíèÿ çàäà÷è 1:

rot rot a = ∇× (∇× a) = ∇ (∇, a)− (∇, ∇) a = grad div a−∆a.

Ïîëó÷èì: rot rot rot a = rot grad div a− rot ∆a. Ïîëå div a
ÿâëÿåòñÿ ñêàëÿðíûì. Âû÷èñëèì îïåðàöèþ rot grad ê
ïðîèçâîëüíîìó ñêàëÿðíîìó ïîëþ ϕ: rot grad = [∇, ∇ϕ] =
= [∇, ∇]ϕ = 0, òàê êàê âåêòîðíîå ïðîèçâåäåíèå ëþáîãî
âåêòîðà íà ñàìîãî ñåáÿ ðàâíî íóëþ (â òîì ÷èñëå âåêòîðà ∇).
Îòñþäà ñëåäóåò: rot grad div a = 0. Â ðåçóëüòàòå ïîëó÷àåì, ÷òî
çàäà÷à ñâîäèòñÿ ê âû÷èñëåíèþ ðîòîðà ëàïëàñèàíà çàäàííîãî
âåêòîðíîãî ïîëÿ: rot rot rot a = −rot ∆a. Ïðèìåíÿÿ ôîðìóëó èç

çàäà÷è 1 äëÿ ∆a ïîëó÷èì:
∂2ax
∂x2

= − sinx,
∂2ax
∂y2

= 4,
∂2ax
∂z2

=

= −6z,
∂2ay
∂x2

= −6x,
∂2ay
∂y2

= − cos y,
∂2ay
∂z2

= 6,
∂2az
∂x2

= 8,

∂2az
∂y2

= −6y,
∂2az
∂z2

= − sin z.

∆a = (4− 6z − sinx) i + (6− 6x− cos y) j + (8− 6y − sin z) k.
Òîãäà: rot rot rot a = −rot ∆a = 6 i + 6 j + 6 k.

Âàðèàíòû êîíòðîëüíûõ ðàáîò

Çàäà÷à 6.1. Äëÿ çàäàííûõ ñêàëÿðíîãî u è âåêòîðíîãî a
ïîëåé íàéòè: 1) grad div a, 2) div gradu, 3) rot rot a:

1. a = x2 i + y2 j + z2 k, u = x z + y z.
2. a = x i + y j + z k, u = ln

(
x2 + y2 + z2

)
.

3. a = x y i + y z j + x z k, u = x y z.
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4. a = (x− y) i + (y − z) j + (z − x) k, u = z (x− y) .
5. a = (x− z) i + (y − z) j + (z − y) k, u = x+ y + z.
6. a = (x+ y) i + (y + z) j + (z + x) k, u = x2 + y2 + z2.
7. a = (x+ z) i + (y + x) j + (z + y) k, u = x2 − y2 − z2.
8. a = x z i + y x j + y z k, u = ln (x y z) .
9. a =

x

y
i +

y

z
j +

z

x
k, u = x2y2z2.

10. a = y3 i + x3 j + z3 k, u = x y z.
11. a = ln y i + ln x j + ln z k, u = ln (x y) .
12. a = ex i + ey j + ez k, u = x+ y + z.
13. a = ez−y i + ex−z j + ey−x k, u = ex+y+z.
14. a = ey−z i + ez−x j + ex−y k, u = u = ex−y+z.

15. a =
x

z
i +

y

x
j +

z

y
k, u = x y + z2.

Çàäà÷à 6.2. Èñïîëüçóÿ ñâîéñòâà îïåðàòîðà Ãàìèëüòîíà

äëÿ ñêàëÿðíîãî u è âåêòîðíîãî a ïîëåé èç ïðåäûäóùåé çàäà÷è

íàéòè: 1) div (ua), 2) rot (ua) â òî÷êå M (1; 1; 1).

Çàäà÷à 6.3. Äëÿ ñêàëÿðíîãî ïîëÿ u, çàäàííîãî â äåêàðòîâîé
ñèñòåìå êîîðäèíàò, íàéòè âûðàæåíèå ýòîãî ïîëÿ è Ëàïëàñèàí

â öèëèíäðè÷åñêîé ñèñòåìå êîîðäèíàò:

1. u = z2
√
x2 + y2. 2. u =

z2√
x2 + y2

. 3. u =
x2 + y2 + z2

z
.

4. u =
√
x2 + y2 − z2. 5. u = z

(
x

y
+ x y

)
.

6. u = x y z + z
(
x2 + y2

)
. 7. u = x y + z

√
x2 + y2.

8. u =
x y z

(x2 + y2)3/2
. 9. u = z ln

(
x

y
+
y

x

)
.

10. u = z ln

(
x y√
x2 + y2

)
. 11. u = sin

(
z +

√
x2 + y2

)
.

12. u = cos
(
x2 + y2 − z2

)
. 13. u = ez

√
x2+y2 .

14. u = 2x y + z2
(
x2 + y2

)
. 15. u =

x+ y + z√
x2 + y2

.

68



Çàäà÷à 6.4. Ïåðåéòè ê ñôåðè÷åñêèì êîîðäèíàòàì â

âûðàæåíèè ñêàëÿðíîãî ïîëÿ u è íàéòè Ëàïëàñèàí ýòîãî ïîëÿ

â ñôåðè÷åñêîé ñèñòåìå êîîðäèíàò:

1. u = ln
(
x2 + y2 + z2

)
. 2. u =

z3

(x2 + y2 + z2)3/2
.

3. u =

(
x2 + y2 + z2

)2
z2

. 4. u =
z2

x2 + y2 + z2
.

5. u =
x

y
√
x2 + y2 + z2

. 6. u = ln
(

x2 + y2

x2 + y2 + z2

)
.

7. u = ln
(

1 +
z2

x2 + y2

)
. 8. u =

z2

x2 + y2
. 9. u = ln

(√
x2 + y2

z

)
.

10. u = e
√
x2+y2+z2 . 11. u = sin

(√
x2 + y2 + z2

)
.

12. u =
x2 + y2 + z2

x2 + y2
. 13. u =

x2 + y2

z
√
x2 + y2 + z2

.

14. u =
z
√
x2 + y2 + z2

x2 + y2
. 15. u =

(
x2 + y2

x2 + y2 + z2

)2

.

Çàäà÷à 6.5. Äëÿ âåêòîðíîãî ïîëÿ a íàéòè: b = rot rot rot a:

1. a = z3 i +
(
x3 − y2

)
j + x3 k.

2. a = sin y i + cos z j + x3 k. 3. a = ln y i + ln z j + y2 k.
4. a = ey i + ez j− e2x k. 5. a =

√
z i +

√
x j +

√
y k.

6. a = sh z i + shx j + sh y k.
7. a = arctg x i + arctg y j + arctg z k.
8. a = ch z i + ch y j + chxk, .
9. a = ez i + (

√
y + sin y) j + ex k.

10. a =
(
y3 + z

)
i +
(
z3 − x

)
j +
(
x3 + y

)
k.

11. a =
(
x3 − y3

)
i +
(
y3 − z3

)
j +
(
z3 − x3

)
k.

12. a = ln (x− 2) i + ln z j + ln 2xk.
13. a = ln 3x i + ln (y − 5) j + ln 2z k.
14. a =

(
3x2 − 5y3 + z

)
i +
(
x+ 3y2 − 6z3

)
j+
+
(
x− 7y3 + 3z2

)
k.

15. a =
(
x4 − y4

)
i +
(
y4 − z4

)
j +
(
z4 − x4

)
k.
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Ãëàâà 7

Ñïåöèàëüíûå âèäû âåêòîðíûõ ïîëåé

Îñíîâíûå ôîðìóëû è îïðåäåëåíèÿ

Âåêòîðíîå ïîëå a = a(r) íàçûâàåòñÿ ïîòåíöèàëüíûì,
åñëè âåêòîð ïîëÿ a ÿâëÿåòñÿ ãðàäèåíòîì íåêîòîðîé ñêàëÿðíîé
ôóíêöèè u = u(x, y, z): a = gradu. Â ýòîì ñëó÷àå ñêàëÿðíóþ
ôóíêöèþ u íàçûâàþò ïîòåíöèàëîì âåêòîðíîãî ïîëÿ.

Íåîáõîäèìûì è äîñòàòî÷íûì óñëîâèåì ïîòåíöèàëüíîñòè
äâàæäû äèôôåðåíöèðóåìîãî â îäíîñâÿçíîé îáëàñòè ïîëÿ a
ÿâëÿåòñÿ ðàâåíñòâî íóëþ ðîòîðà ýòîãî ïîëÿ: rot a = 0.

Ñâîéñòâà ïîòåíöèàëüíîãî âåêòîðíîãî ïîëÿ:
1) Öèðêóëÿöèÿ âåêòîðà ïîëÿ ïî ëþáîìó çàìêíóòîìó

êîíòóðó, öåëèêîì ëåæàùåìó â îáëàñòè íåïðåðûâíîñòè ïîëÿ,
ðàâíà íóëþ (ïðè óñëîâèè, ÷òî îáëàñòü â êîòîðîé îïðåäåëåíî
âåêòîðíîå ïîëå îäíîñâÿçíà).

2) Â îáëàñòè íåïðåðûâíîñòè ïîòåíöèàëà ïîëÿ ëèíåéíûé
èíòåãðàë îò âåêòîðà ïîëÿ, âçÿòûé ìåæäó äâóìÿ òî÷êàìè ïîëÿ,
íå çàâèñèò îò ïóòè èíòåãðèðîâàíèÿ è ðàâåí ðàçíîñòè çíà÷åíèé
ïîòåíöèàëà ïîëÿ â êîíöå è íà÷àëå ïóòè èíòåãðèðîâàíèÿ:

B∫
A

a dr =

B∫
A

gradu dr =

B∫
A

du = u(B)− u(A).

3) Åñëè âåêòîðíîå ïîëå ïîòåíöèàëüíî, òî ïîòåíöèàë ïîëÿ
u(P ) â ïðîèçâîëüíîé òî÷êå ñ êîîðäèíàòàìè P (x, y, z) ìîæåò

áûòü âû÷èñëåí ïî ôîðìóëå: u(P ) =
P∫
A

a dr + u(A), ãäå íà÷àëüíàÿ

òî÷êà A èìååò ôèêñèðîâàííûå êîîðäèíàòû A(x0, y0, z0).
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Âåêòîðíîå ïîëå íàçûâàåòñÿ öåíòðàëüíûì, åñëè âåêòîð
ïîëÿ a îïðåäåëÿåòñÿ ôîðìóëîé âèäà: a = f(r) r, ãäå f(r) �
ñêàëÿðíàÿ ôóíêöèÿ, êîòîðàÿ îïðåäåëåíà ïðè r > 0, íåïðåðûâíà
è îáëàäàåò íåïðåðûâíîé ïðîèçâîäíîé. Öåíòðàëüíîå ïîëå âñåãäà
ïîòåíöèàëüíî.

Åñëè âî âñåõ òî÷êàõ íåêîòîðîé îäíîñâÿçíîé îáëàñòè
ïðîñòðàíñòâà äèâåðãåíöèÿ âåêòîðíîãî ïîëÿ ðàâíà íóëþ (div a =
= 0), òî ïîëå a íàçûâàåòñÿ ñîëåíîèäàëüíûì â ýòîé îáëàñòè.
Âåêòîðíûì ïîòåíöèàëîì ñîëåíîèäàëüíîãî ïîëÿ a = a(M)
íàçûâàåòñÿ ïîëå b, óäîâëåòâîðÿþùåå â çàäàííîé îáëàñòè
ïðîñòðàíñòâà óñëîâèþ: rot b = a. Âåêòîðíîå ïîëå a íàçûâàåòñÿ
ëàïëàñîâûì (èëè ãàðìîíè÷åñêèì), åñëè îíî îäíîâðåìåííî
è ïîòåíöèàëüíîå è ñîëåíîèäàëüíîå.

Òåîðåìà Ñòîêñà î ðàñùåïëåíèè âåêòîðíîãî ïîëÿ

Ëþáîå íåïðåðûâíîå âåêòîðíîå ïîëå a(r), çàäàííîå âî âñåì
ïðîñòðàíñòâå è èñ÷åçàþùåå íà áåñêîíå÷íîñòè âìåñòå ñî ñâîèìè
äèâåðãåíöèåé è ðîòîðîì, ìîæåò áûòü åäèíñòâåííûì îáðàçîì
(ñ òî÷íîñòüþ äî âåêòîðíîé ïîñòîÿííîé) ïðåäñòàâëåíî â âèäå
ñóììû ïîòåíöèàëüíîãî a1(r) è ñîëåíîèäàëüíîãî a1(r) ïîëåé, ò å.
a = a1(r) + a2(r), ãäå rot a1 = 0, div a2 = 0:

a = − 1
4π

grad
∫∫∫

div a
r

dV +
1

4π
rot
∫∫∫

rot a
r

dV.

Ôîðìóëà äàåò âûðàæåíèå äëÿ âîññòàíîâëåíèÿ ïîëÿ ïî åãî
âèõðÿì è äèâåðãåíöèè, ò. å. êîãäà èçâåñòíû òîëüêî ôóíêöèè:
rot a = Ω(r), div a = Θ(r) è òðåáóåòñÿ îïðåäåëèòü ïîëå a(r).

Ïðàêòè÷åñêîå çàíÿòèå

Çàäà÷à 7.1. Ïîêàçàòü, ÷òî çàäàííîå âåêòîðíîå ïîëå a =
= 2xy i+

(
x2 − 2yz

)
j−y2 k ïîòåíöèàëüíî è íàéòè åãî ñêàëÿðíûé

ïîòåíöèàë. Ñäåëàòü ïðîâåðêó ïîëó÷åííîãî ðåçóëüòàòà.
Ðåøåíè å: Óáåäèìñÿ, ÷òî çàäàííîå ïîëå ïîòåíöèàëüíî,

ò. å. rot a = 0. Äëÿ ýòîãî êîìïîíåíòû âåêòîðà a äîëæíû
óäîâëåòâîðÿòü óñëîâèÿì:

∂az
∂y

=
∂ay
∂z

,
∂ax
∂z

=
∂az
∂x

,
∂ay
∂x

=
∂ax
∂y

.
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(
−y2

)′
y

=
(
x2 − 2yz

)′
z

=−2y, (2xy)′z =
(
−y2

)′
x

= 0,
(
x2 − 2yz

)′
x

=
=(2xy)′y=2x. Ñëåäîâàòåëüíî, rot a=0 è ïîëå a � ïîòåíöèàëüíî.

Òàê êàê â òî÷êå íà÷àëà êîîðäèíàò çàäàííàÿ âåêòîðíàÿ
ôóíêöèÿ íåïðåðûâíà, çà ïóòü èíòåãðèðîâàíèÿ ïðèìåì ëîìàíóþ
OABP , ãäå O (0; 0; 0); A (X; 0; 0); B (X;Y ; 0); P (X;Y ;Z). Òîãäà
ñêàëÿðíûé ïîòåíöèàë u (X;Y ;Z) âû÷èñëÿåì ïî ôîðìóëå:

u (X;Y ;Z) =
∫

OABP

a dr + C =

A∫
O

a dr +

B∫
A

a dr +

P∫
B

a dr + C

Â ñèëó ñâîéñòâà àääèòèâíîñòè ìû ïðåäñòàâèëè íàø èíòåãðàë
â âèäå ñóììû òð¼õ èíòåãðàëîâ, êàæäûé èç êîòîðûõ âû÷èñëÿåòñÿ
âäîëü îäíîãî èç çâåíüåâ ëîìàíîé. Íàéä¼ì ïîäûíòåãðàëüíîå
âûðàæåíèå a dr:
dr = dx i + dy j + dz k, a dr = 2xy dx+

(
x2 − 2yz

)
dy − y2 dz.

Íàéä¼ì èíòåãðàë íà îòðåçêå [OA]: çäåñü y = 0; dy = 0; z = 0;
dz = 0; 0 6 x 6 X. Ïîäñòàâëÿÿ ýòè çíà÷åíèÿ â ïîäûíòåãðàëüíîå

âûðàæåíèå ïîëó÷èì:

A∫
O

a dr =

A∫
0

2X · 0 dx = 0.

Àíàëîãè÷íî íàõîäèì èíòåãðàë íà îòðåçêå [AB]: çäåñü x = X;
dx = 0; 0 6 y 6 Y ; dy 6= 0; z = 0; dz = 0. Ïîäñòàâëÿÿ ýòè
çíà÷åíèÿ âî âòîðîé èíòåãðàë ïîëó÷èì:

B∫
A

a dr =

Y∫
0

(
X2 − 2y · 0

)
dy =

Y∫
0

X2 dy = X2Y.

Íàêîíåö, íà îòðåçêå [BP ] èìååì: x = X; dx = 0; 0 6 z 6 Z;
dz 6= 0; y = Y ; dy = 0. Òîãäà:

P∫
B

a dr = −
Z∫

0

Y 2 dz = −Y 2Z.

Òàêèì îáðàçîì, u (X;Y ;Z) = X2Y − Y 2Z + C. Âîçâðàùàÿñü
ê ïåðåìåííûì x, y, z, ïîëó÷àåì: u (x; y; z) = x2y − y2z + const.
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×òîáû óáåäèòüñÿ â ïðàâèëüíîñòè ðåøåíèÿ äåëàåì ïðîâåðêó.
Íàõîäèì grad u.

Çàäà÷à 7.2. Ïðîâåðèòü, ÷òî çàäàííîå âåêòîðíîå ïîëå a =
= 2y i − z j + 2xk ÿâëÿåòñÿ ñîëåíîèäàëüíûì è íàéòè åãî
âåêòîðíûé ïîòåíöèàë, ïîëàãàÿ: 1) bx = 0, 2) bz = 0. Ñäåëàòü
ïðîâåðêó ïîëó÷åííîãî ðåçóëüòàòà.

Ðåøåíè å: 1) Óáåäèìñÿ â òîì, ÷òî ïîëå ñîëåíîèäàëüíî, ò.å.

div a = 0:
∂ax
∂x

= (2y)′x = 0,
∂ay
∂y

= (−z)′y = 0,
∂az
∂z

= (2x)′z = 0.

div a =
∂ax
∂x

+
∂ay
∂y

+
∂az
∂z

= 0, ò. å. ïîëå a � ñîëåíîèäàëüíîå.

Âåêòîðíûé ïîòåíöèàë áóäåì èñêàòü â âèäå: b = by (x, y, z) j+
+ bz (x, y, z) k, ò. å. ïîëàãàåì bx (x, y, z) = 0. Òîãäà:

by =
∫
azdx, bz=

∫ (
∂

∂y

∫
aydx+

∂

∂z

∫
azdx+ax

)
dy−

∫
aydx.

Ïî óñëîâèþ çàäà÷è êîìïîíåíòû çàäàííîãî âåêòîðíîãî ïîëÿ
ðàâíû: ax = 2y; ay = −z; az = 2x. Òîãäà èíòåãðèðóÿ ïîëó÷èì:
by =

∫
2xdx = x2,

bz =
∫ (

∂

∂y

∫
(−z)dx+

∂

∂z

∫
2xdx+ 2y

)
dy +

∫
zdx = y2 + zx.

Òàêèì îáðàçîì: b = x2 j +
(
xz + y2

)
k.

×òîáû óáåäèòüñÿ â ïðàâèëüíîñòè ðåøåíèÿ äåëàåì ïðîâåðêó.
Íàõîäèì: rot b.

rot b =

∣∣∣∣∣∣∣∣∣
i j k

∂

∂x

∂

∂y

∂

∂z

0 x2 xz + y2

∣∣∣∣∣∣∣∣∣ = 2y i− z j + 2xk.

Ìû ïîëó÷èëè çàäàííóþ âåêòîðíóþ ôóíêöèþ. Îòñþäà
ñëåäóåò, ÷òî âåêòîð b ÿâëÿåòñÿ âåêòîðíûì ïîòåíöèàëîì
çàäàííîãî âåêòîðíîãî ïîëÿ.

2) Ïóñòü òåïåðü bz = 0, à âåêòîðíûé ïîòåíöèàë èùåòñÿ â
âèäå: b = bx (x, y, z) i + by (x, y, z) j. Òîãäà:

bx =
∫
aydz, by=

∫ (
∂

∂x

∫
axdz +

∂

∂y

∫
azdz + az

)
dx−

∫
axdz.
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Èíòåãðèðóÿ ïîëó÷èì: bx =
∫

(−z)dz = −z
2

2
,

by =
∫ (

(2yz)′x + (2xz)′y + 2x
)
dx −

∫
2ydz = x2 − 2yz. Îòñþäà

ñëåäóåò: b = −z
2

2
i +
(
x2 − 2yz

)
j. Äåëàåì ïðîâåðêó:

rot b =

∣∣∣∣∣∣∣∣∣
i j k

∂

∂x

∂

∂y

∂

∂z

−z2/2 x2 − 2yz 0

∣∣∣∣∣∣∣∣∣ = 2y i − zj + 2xk = a.

Â ðàññìîòðåííîì ïðèìåðå äëÿ îäíîãî è òîãî æå
ñîëåíîèäàëüíîãî ïîëÿ a ïîëó÷åíû ðàçíûå âåêòîðíûå
ïîòåíöèàëû. Îíè îòëè÷àþòñÿ äðóã îò äðóãà ñëàãàåìûì ðàâíûì
ãðàäèåíòó, íåêîòîðîãî ñêàëÿðíîãî ïîëÿ f(M): grad f(M) =
= b1(M) − b2(M). Ýòî ñëàãàåìîå èãðàåò ðîëü ïðîèçâîëüíîé
ïîñòîÿííîé ïðè äåéñòâèè íà íå¼ îïåðàöèè ðîòîð.

Çàäà÷à 7.3. Ïîêàçàòü, ÷òî çàäàííàÿ ñêàëÿðíàÿ ôóíêöèÿ u
ÿâëÿåòñÿ ãàðìîíè÷åñêîé è íàéòè äëÿ íå¼ âåêòîðíîå ïîëå a.

u = ln

(
1√

x2 + y2

)

Ðåøåíè å: Ôóíêöèÿ u íàçûâàåòñÿ ãàðìîíè÷åñêîé, åñëè

∆u = 0, ò. å.
∂2u

∂x2
+
∂2u

∂y2
= 0. Íàéä¼ì ñîîòâåòñòâóþùèå ÷àñòíûå

ïðîèçâîäíûå:
∂u

∂x
=− x

x2+y2
,

∂u

∂y
=− y

x2+y2
.

∂2u

∂x2
= − 1

x2 + y2
+

2x2

(x2 + y2)2
,

∂2u

∂y2
= − 1

x2 + y2
+

2y2

(x2 + y2)2
.

Îòñþäà: ∆u = − 2
x2 + y2

+
2(x2 + y2)
(x2 + y2)2

= 0, ò. å. çàäàííàÿ ôóíêöèÿ

ÿâëÿåòñÿ ãàðìîíè÷åñêîé. Âåêòîðíûì ïîëåì äëÿ ñêàëÿðíîé
ôóíêöèè ÿâëÿåòñÿ ïîëå ãðàäèåíòà ýòîé ôóíêöèè. Òîãäà:
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gradu =
∂u

∂x
i +

∂u

∂y
j = − x

x2 + y2
i− y

x2 + y2
j.

Çàäà÷à 7.4. Íàéòè ïîòåíöèàë çàäàííîãî öåíòðàëüíîãî ïîëÿ
a = f(r)r. Âû÷èñëèòü ãðàäèåíò ñôåðè÷åñêîãî ïîëÿ u = f(r):

f(r) =
ln r
r

Ðåøåíè å: Ïîòåíöèàë öåíòðàëüíîãî ïîëÿ áóäåì âû÷èñëÿòü

ïî ôîðìóëå: ϕ =

r∫
r0

f(r)r dr.

ϕ =
∫

ln r
r
r dr =

∫
ln r dr =

∣∣∣∣∣∣ u=ln r du=
dr

r

dv=dr v=r

∣∣∣∣∣∣ = r ln r −
∫
dr.

ϕ = r (ln r − 1) .

Ãðàäèåíò ñôåðè÷åñêîãî ïîëÿ íàõîäèòñÿ ñëåäóþùèì îáðàçîì:

gradu =
f ′(r)
r

r.

Òîãäà: f ′(r) =
(

ln r
r

)′
=

1− ln r
r2

, gradu =
1− ln r
r3

r.

Çàäà÷à 7.5. Íàéòè: 1) äèâåðãåíöèþ öåíòðàëüíîãî ïîëÿ a èç
ïðåäûäóùåé çàäà÷è; 2) Ëàïëàñèàí ñôåðè÷åñêîãî ïîëÿ f(r) èç
ïðåäûäóùåé çàäà÷è.

Ðåøåíè å:

1) div a = div (f(r)r) = ∇ (f(r) r) = grad f(r) · r + f(r) div r.
Òîãäà: div a = 3f(r) + grad f(r) · r, òàê êàê div r = 3. Ïîäñòàâëÿÿ
âûðàæåíèÿ äëÿ f(r) è grad f(r) èç ïðåäûäóùåé çàäà÷è ñ ó÷¼òîì
r · r = r2 ïîëó÷èì:

div a = 3
ln r
r

+
1− ln r
r3

r · r =
1 + 2 ln r

r
.

2) Ëàïëàñèàí ñôåðè÷åñêîãî ïîëÿ íàéä¼ì ïî ôîðìóëå:
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∆f(r) = div grad f(r).

div grad f(r) = ∇
(

1− ln r
r3

r
)

= grad
(

1− ln r
r3

)
+ 3

1− ln r
r3

=

= − 1
r3
. Ïóñòü: g(r) =

1− ln r
r3

, îòñþäà: g(r)′ =
3 ln r − 4

r4
. Òîãäà:

grad g(r) =
g′(r)
r

r =
3 ln r − 4

r5
r.

Âàðèàíòû êîíòðîëüíûõ ðàáîò

Çàäà÷à 7.1. Ïîêàçàòü, ÷òî çàäàííîå âåêòîðíîå ïîëå a
ïîòåíöèàëüíî è íàéòè åãî ïîòåíöèàë. Ñäåëàòü ïðîâåðêó

ïîëó÷åííîãî ðåçóëüòàòà.

1. a = 2x y i +
(
x2 + 1

)
j.

2. a = (y + 1)2 i + 2x (y + 1) j.
3. a = (y + z) i + (x+ z) j + (x+ y) k.
4. a = (1 + y z) i + x z j + x y k.

5. a =
i + j + k
x+ y + z

.

6. a = ex sin y i + ex cos y j + k.

7. a =
(

1
z
− y

x2

)
i +
(

1
x
− z

y2

)
j +
(

1
y
− x

z2

)
k.

8. a = 2x y i +
(
x2 − 2 y z

)
j− y2 k.

9. a = 2x y z i + x2z j + x2y k.
10. a =

(
3x2y − y3

)
i +
(
x3 − 3x y2

)
j.

11. a =
2√
y + z

i− x

(y + z)3/2
j− x

(y + z)3/2
k.

12. a = (y z − x y) i +
(
x z − x2

2
+ y z2

)
j + y (x+ y z) k.

13. a=y z (2x+ y + z) i+x z (x+ 2 y + z) j+x y (x+ y + 2 z) k.
14. a = ey cos x i + ey sin x j + cos z k.
15. a =

(
2x y + y2 + 2 z

)
i +
(
x2 + 2x y + 2 z

)
j + 2 (x+ y) k.

Çàäà÷à 7.2. Ïðîâåðèòü, ÷òî çàäàííîå âåêòîðíîå ïîëå a
ÿâëÿåòñÿ ñîëåíîèäàëüíûì è íàéòè åãî âåêòîðíûé ïîòåíöèàë.

Ñäåëàòü ïðîâåðêó ïîëó÷åííîãî ðåçóëüòàòà.
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1. a = (y + z) i + (x+ z) j + (x+ y) k. Ïîëîæèòü bx = 0.
2. a = 2y i− z j + 2xk. Ïîëîæèòü bx = 0.
3. a = x

(
z2 − y2

)
i+y

(
x2 − z2

)
j+ z

(
y2 − x2

)
k. Ïóñòü bx = 0.

4. a = (1 + 2xy) i− zy2 j +
(
yz2 − 2yz + 1

)
k. Ïóñòü bx = 0.

5. a = 6 y2 i + 6 z j + 6xk. Ïîëîæèòü bx = 0.
6. a =

(
2yx2 + xz

)
i +
(
xy2 − yz

)
j− 6xyz k. Ïóñòü bx = 0.

7. a =
(
yx2 + y3

)
i− x

(
x2 − y2

)
j. Ïîëîæèòü bz = 0.

8. a = xy2 i + yx2 j− z
(
x2 + y2

)
k. Ïîëîæèòü bz = 0.

9. a = yex
2
i + 2yz j−

(
2xyzex

2
+ z2

)
k. Ïîëîæèòü bz = 0.

10. a = y2 i + z2 j + x2 k. Ïîëîæèòü bz = 0.
11. a =

(
z2 − y x3

)
i+
(
x2 − z y2

)
j+
(
3yzx2 + yz2

)
k. Ïîëîæèòü

bz = 0.
12. a = 2xyz i + (x− y + z) j +

(
z − yz2

)
k. Ïîëîæèòü bz = 0.

13. a =
x

y
i + 2yz j−

(
z

y
+ z2

)
k. Ïîëîæèòü bz = 0.

14. a = 2yzex i + 2xy j− z (yzex + 2x) k. Ïîëîæèòü bz = 0.

15. a = 2yz lnx i− 2xz ln y j + z2

(
x

y
− y

x

)
k. Ïóñòü bz = 0.

Çàäà÷à 7.3. Ïîêàçàòü, ÷òî çàäàííàÿ ñêàëÿðíàÿ ôóíêöèÿ u
ÿâëÿåòñÿ ãàðìîíè÷åñêîé è íàéòè äëÿ íå¼ âåêòîðíîå ïîëå a.
Âû÷èñëèòü çíà÷åíèå ïîëÿ â òî÷êå M (1; 1; 1).

1. u = 4x2 − 2 y2 − 2 z2 + 6x y − 2x z + 8 y z.
2. u = 2x3 − 3x y2 − 3x z2 + y3 − 6 y x2 + 3 y z2 + x y z.
3. u = 3 z3 − 9 z x2 + y3 − 3 y x2 + 2x3 − 6x z2.
4. u = −3x2 + 4 y2 − z2 − 4x y + x z + 6 y z.
5. u = 3x3 − 3x y2 − 6x z2 − y3 + 9 y x2 − 6 y z2 − 6x y z.
6. u = 3 y3 − 9 y z2 + z3 − 6 z x2 + 3 z y2 + 6x y z.
7. u = 5x2 − 7 y2 + 2 z2 + 2x y − 4x z − y z.
8. u = 4x3 − 9x y2 − 3x z2 + 2 y3 + 3 y x2 − 6 y z2 + 6x y z.
9. u = 2x3 − 6x y2 − 3 z3 + 3 z x2 + 6 z y2 − 12x y z.
10. u = x2 + 3 y2 − 4 z2 + x y + 8x z + 2 y z.
11. u = 2x3 − 9x y2 + 3x z2 − 2 y3 − 6 y x2 + 12 y z2.
12. u = 5 y3 − 12 y x2 − 3 y z2 − 2 z3 + 6 z x2 + 12x y z.
13. u = 2x2 + y2 − 3 z2 − 8x y + 10x z − 4 y z.
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14. u = x3 − 6x y2 + 3x z2 + 3 y3 − 3 y x2 − 6 y z2.
15. u = x3 − 3x z2 + y3 − 3 y x2 + z3 − 3 z x2.

Çàäà÷à 7.4. Íàéòè ïîòåíöèàë çàäàííîãî öåíòðàëüíîãî

ïîëÿ a = f(r)r. Âû÷èñëèòü ãðàäèåíò ñôåðè÷åñêîãî ïîëÿ f(r):

1. a =
er

r
r, f(r) =

er

r
.

2. a =
1 + ln r

r2
r, f(r) =

1 + ln r

r2
.

3. a = err, f(r) = er.
4. a = ln rr, f(r) = ln r.
5. a =

(
5 r3 − 2

)
r, f(r) =

(
5 r3 − 2

)
.

6. a =
(r + 1)2

r
r, f(r) =

(r + 1)2

r
.

7. a = er
2
r, f(r) = er

2
.

8. a = ln
(
1 + r2

)
r, f(r) = ln

(
1 + r2

)
.

9. a =
1
r
r, f(r) =

1
r
.

10. a =
1
r2

r, f(r) =
1
r2
.

11. a = rr, f(r) = r.

12. a =
q

r3
r, f(r) =

q

r3
, q = const.

13. a =
(
4 r2 − 3 r

)
r, f(r) = 4 r2 − 3 r.

14. a =
(
4 r2 + 3 r + 2

)
r, f(r) = 4 r2 + 3 r + 2.

15. a = 3 e−rr, f(r) = 3 e−r.

Çàäà÷à 7.5. Íàéòè: 1) äèâåðãåíöèþ öåíòðàëüíîãî ïîëÿ a
èç ïðåäûäóùåé çàäà÷è; 2) Ëàïëàñèàí ñôåðè÷åñêîãî ïîëÿ f(r) èç
ïðåäûäóùåé çàäà÷è.
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Ãëàâà 8

Òåíçîðíàÿ àëãåáðà

Îñíîâíûå ôîðìóëû è îïðåäåëåíèÿ

Ïðàêòè÷åñêîå çàíÿòèå

Çàäà÷à 8.1. Íàéòè òåíçîðíîå ïðîèçâåäåíèå äâóõ âåêòîðîâ
a = (1, 2, 3) è b = (3, 2, 1). Ïîêàçàòü, ÷òî ñâ¼ðòêà ïîëó÷åííîãî
òåíçîðà ðàâíà ñêàëÿðíîìó ïðîèçâåäåíèþ ýòèõ âåêòîðîâ.

Ðåøåíè å: Ìàòðèöà, ïîëó÷åííàÿ â ðåçóëüòàòå òåíçîðíîãî
ïðîèçâåäåíèÿ äâóõ âåêòîðîâ, îïðåäåëÿåò òåíçîð âòîðîãî ðàíãà,
êîòîðûé íàçûâàåòñÿ äèàäîé è îáîçíà÷àåòñÿ ab:

ab =


a1b1 a1b2 a1b3

a2b1 a2b2 a2b3

a3b1 a3b2 a3b3

 , ba =


b1a1 b1a2 b1a3

b2a1 b2a2 b2a3

b3a1 b3a2 b3a3

.
Îáðàòèì âíèìàíèå, ÷òî äèàäà ba îòëè÷íà îò äèàäû

ab è ÿâëÿåòñÿ ñîïðÿæ¼ííûì ê íåé òåíçîðîì. Ïîäñòàíîâêà
ñîîòâåòñòâóþùèõ êîìïîíåíò â ôîðìóëó äà¼ò èñêîìîå òåíçîðíîå
ïðîèçâåäåíèå:

ab =


3 2 1

6 4 2

9 6 3

 , ba =


3 6 9

2 4 6

1 2 3

.
Ñâ¼ðòêà ïîëó÷åííîãî òåíçîðà ðàâíà ñóììå åãî äèàãîíàëüíûõ

ýëåìåíòîâ: 3 + 4 + 3 = 10, ÷òî ñîâïàäàåò ñî ñêàëÿðíûì
ïðîèçâåäåíèåì ýòèõ âåêòîðîâ: a · b = a1b1 + a2b2 + a3b3.

Çàäà÷à 8.2. Òåíçîð âòîðîãî ðàíãà çàäàí ìàòðèöåé:
(Tij). Ðàçëîæèòü ýòîò òåíçîð íà ñèììåòðè÷íûé (Sij) è
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àíòèñèììåòðè÷íûé (Aij). Ïîêàçàòü, ÷òî ñâ¼ðòêà èõ ñêàëÿðíîãî
ïðîèçâåäåíèÿ SijAij = 0.

(Tij) =


1 2 3

4 5 6

7 8 9

.
Ðåøåíè å: Ïðåäñòàâèì òåíçîð â âèäå ñóììû Tij = Sij +Aij ,

ãäå Sij è Aij � ñèììåòðè÷íûé è àíòèñèììåòðè÷íûé òåíçîðû
âòîðîãî ðàíãà, ñîîòâåòñòâåííî. Êîîðäèíàòû ïåðâîãî òåíçîðà
íàõîäÿòñÿ ïî ôîðìóëå:

Sij =
1
2

(Tij + Tji).

Êîîðäèíàòû âòîðîãî òåíçîðà íàõîäÿòñÿ ïî ôîðìóëå:

Aij =
1
2

(Tij − Tji).

Ïîëüçóÿñü ýòèìè ôîðìóëàìè âû÷èñëèì øåñòü êîîðäèíàò,
êîòîðûìè îïðåäåëÿåòñÿ ñèììåòðè÷íûé òåíçîð Sij : S11 =

=
1 + 1

2
= 1, S22 =

5 + 5
2

= 5, S33 =
9 + 9

2
= 9, S12 =

2 + 4
2

=

= 3, S13 =
3 + 7

2
= 5, S23 =

8 + 6
2

= 7. Òàêèì îáðàçîì:

Sij =


1 3 5

3 5 7

5 7 9

.
Âû÷èñëèì òðè êîîðäèíàòû, êîòîðûìè îïðåäåëÿåòñÿ

àíòèñèììåòðè÷íûé òåíçîð Aij : A21 =
4− 2

2
= 1, A31 =

7− 3
2

=

= 2, A32 =
8− 6

2
= 1. Òàêèì îáðàçîì: Aij =


0 −1 −2

1 0 −1

2 1 0

.
Ñêàëÿðíîå ïðîèçâåäåíèå òåíçîðîâ Smk è Aij åñòü

òåíçîð âòîðîãî ðàíãà. Ñâ¼ðòêà ïîëó÷åííîãî òåíçîðà (ñóììà
äèàãîíàëüíûõ ýëåìåíòîâ) åñòü ñêàëÿð, å¼ ìîæíî èñêàòü òðåìÿ
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ñïîñîáàìè: 1) SikAij = S1kA1j +S2kA2j +S3kA3j = Lkj , Sp (Lkj),
2) SmjAkj = Sm1Ak1 + Sm2Ak2 + Sm3Ak3 = Lmk, Sp (Lmk), 3)
SmkAkj = Sm1A1j + Sm2A2j + Sm3A3j = Lmj , Sp (Lmj).

Âûáåðåì ïåðâûé ñïîñîá S1k = (1, 3, 5), S2k = (3, 5, 7), S3k =
= (5, 7, 9), A1j = (0,−1,−2), A2j = (1, 0,−1), A3j = (2, 1, 0):

S1kA1j =


0 −1 −2

0 −3 −6

0 −5 −10

 , S2kA2j =


3 0 −3

5 0 −5

7 0 −7

.

S3kA3j =


10 5 0

14 7 0

18 9 0

 , Lkj =


13 4 −5

19 4 −11

25 4 −17

.
Îòñþäà Sp (Lkj) = 13+4−17 = 0. Íåïîñðåäñòâåííîå âû÷èñëåíèå

ñâ¼ðòêè ìîæíî âûïîëíèòü òàêæå ïî ôîðìóëå:
3∑
i=1

3∑
k=1

SikAik = 0.

Çàäà÷à 8.3. Êîìïîíåíòû òåíçîðà âòîðîãî ðàíãà çàäàíû
ìàòðèöåé èç ïðåäûäóùåé çàäà÷è Tij . Íàéòè: 1) ñêàëÿð,
ïîëó÷åííûé â ðåçóëüòàòå ïðèìåíåíèÿ ê äàííîìó òåíçîðó
îïåðàöèè ñâ¼ðòûâàíèÿ ïî ïàðå èíäåêñîâ i, j; 2) âåêòîð,
ïîëó÷åííûé â ðåçóëüòàòå òåíçîðíîãî óìíîæåíèÿ çàäàííîãî
òåíçîðà íà âåêòîð x = i+2 j+3 k ñ ïîñëåäóþùèì ñâ¼ðòûâàíèåì
ïî èíäåêñó âåêòîðà è ïî ïåðâîìó èíäåêñó òåíçîðà; 3) ïî èíäåêñó
âåêòîðà è âòîðîìó èíäåêñó òåíçîðà.

Ðåøåíè å: 1) Ïîä îïåðàöèåé ñâ¼ðòûâàíèÿ ïîíèìàþò
ñóììèðîâàíèå êîìïîíåíò òåíçîðà ïî äâóì êàêèì-ëèáî èíäåêñàì.
Ýòó îïåðàöèþ ìîæíî âûïîëíÿòü íàä òåíçîðàìè ðàíã êîòîðûõ
íå ìåíåå äâóõ. Çäåñü, ïîëó÷åííûé ñêàëÿð áóäåò ðàâåí ñëåäó

ìàòðèöû: L0 =
3∑
i=1

Lii = 1 + 5 + 9 = 15.

2) Óìíîæèâ òåíçîð âòîðîãî ðàíãà Tij íà âåêòîð x ñ
êîîðäèíàòàìè xk ïîëó÷èì òåíçîð òðåòüåãî ðàíãà Lijk = Tij⊗xk.
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Ïîäâåðãíåì ïîëó÷åííûé òåíçîð îïåðàöèè ñâ¼ðòûâàíèÿ ïî
ïåðâîìó è òðåòüåìó èíäåêñàì i = k. Ïîëó÷èì:

Lj =
3∑
i=1

Liji = L1j1 + L2j2 + L3j3,

à òîãäà êîîðäèíàòû èñêîìîãî âåêòîðà â áàçèñå i, j, k áóäóò
÷èñëà:

L1 =
3∑
i=1

Li1i = L111 + L212 + L313 = 1 · 1 + 4 · 2 + 7 · 3 = 30,

L2 =
3∑
i=1

Li2i = L121 + L222 + L323 = 2 · 1 + 5 · 2 + 8 · 3 = 36,

L3 =
3∑
i=1

Li3i = L131 + L232 + L333 = 3 · 1 + 6 · 2 + 9 · 3 = 42,

çäåñü ïåðâûé ñîìíîæèòåëü â ñóììå ïðîèçâåäåíèé �
ñîîòâåòñòâóþùàÿ êîìïîíåíòà òåíçîðà Tij , âòîðîé
ñîìíîæèòåëü � ñîîòâåòñòâóþùàÿ êîìïîíåíòà âåêòîðà x.
Îòñþäà ñëåäóåò, ÷òî èñêîìûé âåêòîð çàïèøåòñÿ â âèäå: a =
= 30 i + 36 j + 42 k.

3) Ïîäâåðãíåì ïîëó÷åííûé òåíçîð îïåðàöèè ñâ¼ðòûâàíèÿ ïî
âòîðîìó è òðåòüåìó èíäåêñàì j = k. Ïîëó÷èì:

Li =
3∑

k=1

Likk = Li11 + Li22 + Li33,

à òîãäà êîîðäèíàòû èñêîìîãî âåêòîðà â áàçèñå i, j, k áóäóò
÷èñëà:

L1 =
3∑

k=1

L1kk = L111 + L122 + L133 = 1 · 1 + 2 · 2 + 3 · 3 = 14,

L2 =
3∑

k=1

L2kk = L211 + L222 + L233 = 4 · 1 + 5 · 2 + 6 · 3 = 32,

L3 =
3∑

k=1

L3kk = L311 + L322 + L333 = 7 · 1 + 8 · 2 + 9 · 3 = 50,

çäåñü ïåðâûé ñîìíîæèòåëü â ñóììå ïðîèçâåäåíèé �
ñîîòâåòñòâóþùàÿ êîìïîíåíòà òåíçîðà Tij , âòîðîé
ñîìíîæèòåëü � ñîîòâåòñòâóþùàÿ êîìïîíåíòà âåêòîðà x.
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Îòñþäà ñëåäóåò, ÷òî èñêîìûé âåêòîð çàïèøåòñÿ â âèäå: b =
= 14 i + 32 j + 50 k.

Çàäà÷à 8.4. Äëÿ òåíçîðà çàäàííîãî ìàòðèöåé Tij íàéòè åãî
èíâàðèàíòû:

(Tij) =


1 7 3

4 3 8

3 −4 5

.
Ðåøåíè å: Ðàññìîòðèì êàêîé-ëèáî òåíçîð T è ïóñòü:

Ta = b. Åñëè âåêòîð b êîëëèíåàðåí âåêòîðó a, ò. å åñëè
âåêòîð a ïîñëå ïðåîáðàçîâàíèÿ èçìåíÿåò òîëüêî ñâîþ âåëè÷èíó,
íå èçìåíÿÿ ñâîåãî íàïðàâëåíèÿ, òî íàïðàâëåíèå âåêòîðà a
íàçûâàåòñÿ ãëàâíûì íàïðàâëåíèåì òåíçîðà. Åñëè ïðè
ýòîì b = λa, òî âåëè÷èíà λ íàçûâàåòñÿ ãëàâíûì çíà÷åíèåì

òåíçîðà. Îíî ïîêàçûâàåò âî ñêîëüêî ðàç òåíçîð óâåëè÷èâàåò
âåêòîðû, íàïðàâëåííûå ïî ãëàâíûì îñÿì òåíçîðà, íàïðàâëåíèå
òàêèõ âåêòîðîâ òåíçîð íå ìåíÿåò.

Ïóñòü òåíçîð çàäàí â íåêîòîðîé ñèñòåìå êîîðäèíàò ñâîèìè
êîìïîíåíòàìè tjk è ïóñòü a èìååò ãëàâíîå íàïðàâëåíèå,
êîòîðîìó îòâå÷àåò ãëàâíîå çíà÷åíèå λ, òîãäà ïî îïðåäåëåíèþ:
Ta = λa, ÷òî ðàâíîñèëüíî ñèñòåìå èç òð¼õ ëèíåéíûõ
îäíîðîäíûõ àëãåáðàè÷åñêèõ óðàâíåíèé îòíîñèòåëüíî a1, a2, a3:

t11a1 + t12a2 + t13a3 = λa1,

t21a1 + t22a2 + t23a3 = λa2,

t31a1 + t32a2 + t33a3 = λa3.

Ýòà ñèñòåìà óðàâíåíèé ìîæåò èìåòü íåíóëåâîå ðåøåíèå,
òîëüêî åñëè å¼ îïðåäåëèòåëü ðàâåí íóëþ:∣∣∣∣∣∣∣∣

t11 − λ t12 t13

t21 t22 − λ t23

t31 t32 t33 − λ

∣∣∣∣∣∣∣∣ = 0.
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Ðàçâåðí¼ì äàííûé îïðåäåëèòåëü, ò. å. ñîñòàâèì
õàðàêòåðèñòè÷åñêîå óðàâíåíèå:

λ3 − λ2 (t11 + t22 + t33) +

+ λ

(∣∣∣∣∣ t22 t32

t23 t33

∣∣∣∣∣+

∣∣∣∣∣ t11 t31

t13 t33

∣∣∣∣∣+

∣∣∣∣∣ t11 t21

t12 t22

∣∣∣∣∣
)
− det |tjk| = 0.

Êîðíè ýòîãî óðàâíåíèÿ λ1, λ2, λ3 ìîæíî íàõîäèòü ïî
òåîðåìå Âèåòà, èñïîëüçóÿ ñîîòíîøåíèÿ ìåæäó êîðíÿìè è
êîýôôèöèåíòàìè óðàâíåíèÿ:
I1 = t11 + t22 + t33 = λ1 + λ2 + λ3,

I2 =

∣∣∣∣∣ t22 t32

t23 t33

∣∣∣∣∣+
∣∣∣∣∣ t11 t31

t13 t33

∣∣∣∣∣+
∣∣∣∣∣ t11 t21

t12 t22

∣∣∣∣∣ = λ1λ2 + λ1λ3 + λ2λ3,

I3 = det |tjk| = λ1λ2λ3.
Âåëè÷èíû I1, I2, I3 íå èçìåíÿþòñÿ ïðè ïðåîáðàçîâàíèè

êîîðäèíàò è íàçûâàþòñÿ èíâàðèàíòàìè òåíçîðà. Ñîâåðøàÿ
ïîäñòàíîâêó ñîîòâåòñòâóþùèõ êîìïîíåíò òåíçîðà ïîëó÷èì: I1 =
= 9, I2 = 18, I3 = 0.

Çàäà÷à 8.5. Íàéòè ãëàâíûå çíà÷åíèÿ è ãëàâíûå
íàïðàâëåíèÿ òåíçîðà èç ïðåäûäóùåé çàäà÷è �4.

Ðåøåíè å: Ñîãëàñíî ðåøåíèþ ïðåäûäóùåé çàäà÷è
õàðàêòåðèñòè÷åñêîå óðàâíåíèå èìååò âèä: λ3 − 9λ2 + 18λ = 0.

Íàõîäèì êîðíè ýòîãî óðàâíåíèÿ: λ
(
λ2 − 9λ+ 18

)
=

= λ (λ− 3) (λ− 6) = 0, λ1 = 0, λ2 = 3, λ3 = 6, êîòîðûå
ÿâëÿþòñÿ ãëàâíûìè çíà÷åíèÿìè òåíçîðà. Ãëàâíîå íàïðàâëåíèå,
êîòîðîå ñîîòâåòñòâóåò ãëàâíîìó çíà÷åíèþ òåíçîðà λ1 = 0,
íàõîäèì èç ñèñòåìû:

(1− λ1)x1 + 7x2 + 3x3 = x1 + 7x2 + 3x3 = 0,
4x1 + (3− λ1)x2 + 8x3 = 4x1 + 3x2 + 8x3 = 0,
3x1 − 4x2 + (5− λ1)x3 = 3x1 − 4x2 + 5x3 = 0.

Àíàëîãè÷íî äëÿ λ2 = 3 èìååì:
−2x1 + 7x2 + 3x3 = 0,
4x1 + 8x3 = 0,
3x1 − 4x2 + 2x3 = 0.
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Ãëàâíîå íàïðàâëåíèå, ñîîòâåòñòâóþùåå ãëàâíîìó çíà÷åíèþ
òåíçîðà λ3 = 6, íàõîäèì èç ñèñòåìû:

−5x1 + 7x2 + 3x3 = 0,
4x1 − 3x2 + 8x3 = 0,
3x1 − 4x2 − x3 = 0.

Ðåøàÿ ñèñòåìû ëèíåéíûõ îäíîðîäíûõ àëãåáðàè÷åñêèõ
óðàâíåíèé, íàõîäèì âåêòîðû îïðåäåëÿþùèå ãëàâíûå

íàïðàâëåíèÿ òåíçîðà: a1 =
(
−47

25
c, − 4

25
c, c

)
, a2 = (−2c, −c, c),

a3 = (−5c, −4c, −c), ãäå c � ñâîáîäíàÿ ïåðåìåííàÿ, êîòîðàÿ
ìîæåò ïðèíèìàòü ëþáîå çíà÷åíèå. Ïîëàãàÿ c = 1, ïîëó÷àåì

áàçèñíîå ðåøåíèå: a1 =
(
−47

25
, − 4

25
, 1
)
, a2 = (−2, −1, 1),

a3 = (−5, −4, −1).

Âàðèàíòû êîíòðîëüíûõ ðàáîò

Çàäà÷à 8.1. Íàéòè òåíçîðíîå ïðîèçâåäåíèå äâóõ âåêòîðîâ

a è b. Ïîêàçàòü, ÷òî ñâ¼ðòêà ïîëó÷åííîãî òåíçîðà ðàâíà

ñêàëÿðíîìó ïðîèçâåäåíèþ ýòèõ âåêòîðîâ.

1. a = (1, −2, 3), b = (3, −2, 1).
2. a = (2, 3, −4), b = (7, 6, 3).
3. a = (1, 2, −1), b = (7, 2, −3).
4. a = (−3, 8, 7), b = (1, −8, 9).
5. a = (−2, 5, 7), b = (4, 5, −3).
6. a = (1, −4, −1), b = (9, −6, 5).
7. a = (−9, −2, −5), b = (1, −2, 5).
8. a = (2, 1, 4), b = (8, 1, 6).
9. a = (−6, 4, 7), b = (5, 4, 3).
10. a = (1, 6, −6), b = (−8, 6, 3).
11. a = (2, 2, 5), b = (6, 2, 3).
12. a = (1, 9, 4), b = (5, 3, 2).
13. a = (−4, 3, 5), b = (3, −2, −1).
14. a = (1, 3, 5), b = (8, −1, 3).
15. a = (2, 6, 4), b = (8, 3, −6).
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Çàäà÷à 8.2. Òåíçîð âòîðîãî ðàíãà çàäàí ìàòðèöåé:

(Lij). Ðàçëîæèòü ýòîò òåíçîð íà ñèììåòðè÷íûé Sij è

àíòèñèììåòðè÷íûé Aij. Ïîêàçàòü, ÷òî ñâ¼ðòêà èõ ñêàëÿðíîãî
ïðîèçâåäåíèÿ SijAij = 0.

1.


2 0 2

0 4 5

1 3 1

 . 2.


1 4 2

0 5 3

3 1 0

 . 3.


4 3 5

2 6 0

1 0 3

.

4.


4 1 2

0 5 0

3 2 7

 . 5.


1 2 3

5 4 2

0 1 0

 . 6.


0 7 0

3 1 4

6 1 2

.

7.


0 3 5

9 2 1

0 1 4

 . 8.


1 0 4

2 6 2

3 0 1

 . 9.


3 2 0

1 3 4

4 1 0

.

10.


5 2 0

2 3 4

0 1 6

 . 11.


3 4 0

0 2 4

5 2 1

 . 12.


5 0 1

3 1 4

2 3 0

.

13.


2 0 4

2 1 3

0 3 5

 . 14.


3 2 1

6 2 0

0 5 1

 . 15.


3 2 0

6 3 1

4 0 1

.
Çàäà÷à 8.3. Êîìïîíåíòû òåíçîðà âòîðîãî ðàíãà çàäàíû

ìàòðèöåé Lij. Íàéòè âåêòîð, ïîëó÷åííûé: 1) â ðåçóëüòàòå

òåíçîðíîãî óìíîæåíèÿ çàäàííîãî òåíçîðà íà âåêòîð x ñ

ïîñëåäóþùèì ñâ¼ðòûâàíèåì ïî èíäåêñó âåêòîðà è ïî ïåðâîìó

èíäåêñó òåíçîðà; 2) ïî èíäåêñó âåêòîðà è âòîðîìó èíäåêñó

òåíçîðà.
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1.


2 0 2

0 4 5

1 3 1

,


1

−2

3

 . 2.


1 4 2

0 5 3

3 1 0

,


2

4

−3

.

3.


4 3 5

2 6 0

1 0 3

,

−3

2

1

 . 4.


4 1 2

0 5 0

3 2 7

,

−1

3

2

.

5.


1 2 3

5 4 2

0 1 0

,


1

−3

4

 . 6.


0 7 0

3 1 4

6 1 2

,

−1

2

4

.

7.


0 3 5

9 2 1

0 1 4

,


1

−5

3

 . 8.


1 0 4

2 6 2

3 0 1

,


5

−2

1

.

9.


3 2 0

1 3 4

4 1 0

,


2

−3

2

 . 10.


5 2 0

2 3 4

0 1 6

,


1

−2

1

.

11.


3 4 0

0 2 4

5 2 1

,


3

−2

1

 . 12.


5 0 1

3 1 4

2 3 0

,


5

−3

−3

.

13.


2 0 4

2 1 3

0 3 5

,


4

−5

−1

 . 14.


3 2 1

6 2 0

0 5 1

,


2

2

−10

.
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15.


3 2 0

6 3 1

4 0 1

,


1

−1

−3

.
Çàäà÷à 8.4. Äëÿ çàäàííîãî òåíçîðà Tij íàéòè åãî

èíâàðèàíòû.

1.


1 3 −1

−2 −6 2

4 2 1

 . 2.


1 5 3

2 3 −1

2 10 6

 . 3.


−3 5 9

2 3 −6

1 −2 −3

.

4.


−2 8 4

9 7 3

1 −4 −2

 . 5.


−2 1 4

8 5 2

−6 3 12

 . 6.


10 4 −2

3 2 3

5 2 −1

.

7.


−9 4 1

−7 8 2

−8 12 3

 . 8.


2 4 8

1 2 4

5 6 4

 . 9.


3 −1 2

3 0 3

3 1 4

.

10.


1 −2 6

9 5 2

8 7 −4

 11.


2 −4 3

4 2 7

−4 8 −6

 12.


1 7 2

3 −3 −2

2 14 4

.

13.


−4 3 2

6 3 −3

−2 9 1

 . 14.


1 7 3

4 3 8

3 −4 5

 . 15.


2 7 −5

9 6 3

−2 −7 5

.
Çàäà÷à 8.5. Íàéòè ãëàâíûå çíà÷åíèÿ è ãëàâíûå

íàïðàâëåíèÿ òåíçîðà èç ïðåäûäóùåé çàäà÷è �4.
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Ãëàâà 9

Òåíçîðíàÿ àëãåáðà â êðèâîëèíåéíûõ

êîîðäèíàòàõ

Îñíîâíûå ôîðìóëû è îïðåäåëåíèÿ

Ïðàêòè÷åñêîå çàíÿòèå

Çàäà÷à 9.1. Â ïðÿìîóãîëüíîé ñèñòåìå êîîðäèíàò Oxyz
çàäàíà ìàòðèöà àôôèííîãî îðòîãîíàëüíîãî òåíçîðà âòîðîãî

ðàíãà Lij =


0 0 1

0 1 0

1 0 0

. Íàéòè ìàòðèöó ýòîãî òåíçîðà â

ïðÿìîóãîëüíîé ñèñòåìå êîîðäèíàò Ox′y′z′, êîòîðàÿ ïîëó÷àåòñÿ
èç ñèñòåìû Oxyz â ðåçóëüòàòå å¼ ïîâîðîòà âîêðóã îñè OZ íà
óãîë ðàâíûé ϕ = 60◦.

Ðåøåíè å: Ïóñòü ñèñòåìà Oxyz îïðåäåëÿåòñÿ áàçèñîì e1,
e2, e3, à ñèñòåìà Ox

′y′z′ � áàçèñîì e′1, e
′
2, e

′
3. Íàéä¼ì ìàòðèöó

ïåðåõîäà îò áàçèñà e1, e2, e3 ê áàçèñó e′1, e′2, e′3. Çíàÿ, ÷òî
ýëåìåíòû ìàòðèöû åñòü ÷èñëà: αik = cos (e′iek), ïîëó÷àåì:
α11 =cos (e′1e1)=cos 60◦= 1

2 , α12 =cos (e′1e2)=cos 150◦=−
√

3
2 ,

α13 =cos (e′1e3)=cos 90◦=0, α21 =cos (e′2e1)=cos 30◦=
√

3
2 ,

α22 =cos (e′2e2)=cos 60◦= 1
2 , α23 =cos (e′2e3)=cos 90◦=0,

α31 =cos (e′3e1)=cos 90◦=0,
α32 =cos (e′3e2)=cos 90◦=0,
α33 =cos (e′3e3)=cos 0◦=1.

Òàêèì îáðàçîì, ìàòðèöà ïåðåõîäà èìååò âèä:
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
1/2 −

√
3/2 0

√
3/2 1/2 0

0 0 1

.
Ñîãëàñíî îïðåäåëåíèþ íîâûå êîîðäèíàòû òåíçîðà II ðàíãà

âû÷èñëÿþòñÿ ïî ôîðìóëå:

L′ij =
3∑

m=1

3∑
n=1

αimαjnLmn, (i, j = 1, 2, 3).

Ïðèìåíèòåëüíî ê ðàññìàòðèâàåìîé çàäà÷å ýòà ôîðìóëà
çàïèøåòñÿ òàê:

L′ij = αi1αj3 + αi2αj2 + αi3αj1.

Ïîäñòàâëÿÿ ñþäà çíà÷åíèÿ äëÿ ýëåìåíòîâ ìàòðèöû ïåðåõîäà,
ïîëó÷èì:

L′11 = α11α13 + α12α12 + α13α11 =
1
2
· 0 +

√
3

2
·
√

3
2

+ 0 · 1
2

=
3
4
,

L′12 = α11α23+α12α22+α13α21 =
1
2
·0−
√

3
2
· 1
2

+0 ·
√

3
2

= −
√

3
4
, . . .

Ñëåäîâàòåëüíî, ìàòðèöà òåíçîðà Lij â áàçèñå e′1, e′2, e′3 èìååò
âèä: 

3/4 −
√

3/4 1/2

−
√

3/4 1/4
√

3/2

1/2
√

3/2 0

.

Çàäà÷à 9.2. Â äåêàðòîâîé ñèñòåìå êîîðäèíàò äàíû
êîìïîíåíòû òåíçîðà II ðàíãà:

Aik = A·ki = Ak·i = Aik =


2 1 3

2 3 4

1 2 1

.
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Áàçèñíûå âåêòîðû ñèñòåìû êîîðäèíàò K ′(e1, e2, e3)
âûðàæàþòñÿ ÷åðåç áàçèñíûå âåêòîðû äåêàðòîâîé ñèñòåìû
êîîðäèíàò K(ex, ey, ez) ïî ñëåäóþùèì ôîðìóëàì: e1 = ex; e2 =
= ex + ey; e3 = ex + ey + ez. Íàéòè ôóíäàìåíòàëüíûé òåíçîð â
íîâîé ñèñòåìå êîîðäèíàò.

Ðåøåíè å: Ôóíäàìåíòàëüíûé òåíçîð â íîâîé ñèñòåìå
êîîðäèíàò âû÷èñëÿåòñÿ ïî ôîðìóëå: gik = ei · ek, Òîãäà: g11 =
= e1 · e1 = ex · ex = 1, g12 = e1 · e2 = ex (ex + ey) = 1 + 0 = 1,
g22 = e2 · e2 = (ex + ey) (ex + ey) = 2, g32 = e3 · e2 =
= (ex + ey + ez) (ex + ey) = 2 . . .

Îòñþäà, êîìïîíåíòû ôóíäàìåíòàëüíîãî òåíçîðà èìåþò âèä:

gik =


1 1 1

1 2 2

1 2 3

.
Ìû íàøëè êîâàðèàíòíûå êîìïîíåíòû òåíçîðà. Åãî
êîíòðàâàðèàíòíûå êîìïîíåíòû çàäàþòñÿ îáðàòíîé ìàòðèöåé ê
ìàòðèöå gik:

gik = (gik)
−1 =

Gik

det (gik)
,

ãäå Gik � àëãåáðàè÷åñêîå äîïîëíåíèå, ñîîòâåòñòâóþùåå
ýëåìåíòó gik îïðåäåëèòåëÿ g = det (gik). Òîãäà:

gik =


2 −1 0

−1 2 −1

0 −1 1

.

Çàäà÷à 9.3. Íàéòè âçàèìíûé áàçèñ äëÿ áàçèñíûõ âåêòîðîâ
e1, e2, e3, çàäàííûõ â ïðåäûäóùåé çàäà÷å �2. Ïîñòðîèòü ïî
íèì ìàòðèöó îáðàòíîãî ïåðåõîäà β èç íîâîé ñèñòåìû êîîðäèíàò
K ′(e1, e2, e3) â ñòàðóþ äåêàðòîâóþ K(ex, ey, ez).

Ðåøåíè å: Âåêòîðû âçàèìíîãî áàçèñà ñâÿçàíû ñ âåêòîðàìè
e1, e2, e3 ñîîòíîøåíèÿìè:
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(
eiej

)
= δji =

{
1, i = j,

0, i 6= j.

Ðàçëîæèì âåêòîðû âçàèìíîãî áàçèñà ej ïî âåêòîðàì
çàäàííîãî áàçèñà: ej = xj1e1 + xj2e2 + xj3e3, ãäå j = 1, 2, 3, à xj1,
xj2, x

j
3 � íåèçâåñòíûå êîìïîíåíòû âåêòîðîâ âçàèìíîãî áàçèñà.

Óìíîæèì ñêàëÿðíî ïðàâóþ è ëåâóþ ÷àñòè ðàâåíñòâà íà ei:(
eiej

)
= xj1 (eie1) + xj2 (eie2) + xj3 (eie3) = δji .

Ìû ïîëó÷èëè äëÿ êàæäîãî çíà÷åíèÿ j íåîäíîðîäíóþ
ñèñòåìó àëãåáðàè÷åñêèõ óðàâíåíèé. Íàéä¼ì âåêòîð e1. Â ýòîì
ñëó÷àå j = 1 è ñèñòåìà ïðèîáðåòàåò âèä:

x1
1 (e1e1) + x1

2 (e1e2) + x1
3 (e1e3) = 1,

x1
1 (e2e1) + x1

2 (e2e2) + x1
3 (e2e3) = 0,

x1
1 (e3e1) + x1

2 (e3e2) + x1
3 (e3e3) = 0.

Òàê êàê îïðåäåëèòåëü ñèñòåìû ïðåäñòàâëÿåò ñîáîé
îïðåäåëèòåëü Ãðàìà, ýëåìåíòàìè êîòîðîãî ÿâëÿþòñÿ ñêàëÿðíûå
ïðîèçâåäåíèÿ áàçèñíûõ (à çíà÷èò ëèíåéíî íåçàâèñèìûõ)
âåêòîðîâ, òî îí íå ðàâåí íóëþ:∣∣∣∣∣∣∣∣

(e1e1) (e1e2) (e1e3)

(e2e1) (e2e2) (e2e3)

(e3e1) (e3e2) (e3e3)

∣∣∣∣∣∣∣∣ 6= 0.

À ýòî ïî òåîðåìå Êðàìåðà îçíà÷àåò, ÷òî òàêàÿ ñèñòåìà
èìååò åäèíñòâåííîå ðåøåíèå. Çàìåòèì, ÷òî ìàòðèöà ñèñòåìû
óðàâíåíèé ïðåäñòàâëÿåò ñîáîé êîâàðèàíòíûé ôóíäàìåíòàëüíûé
òåíçîð, âû÷èñëåííûé â ïðåäûäóùåé çàäà÷å. Â ýòîì ñëó÷àå
óäîáíî âîñïîëüçîâàòüñÿ ìàòðè÷íûì ñïîñîáîì ðåøåíèÿ ñèñòåìû.
Òîãäà:

x1
1

x1
2

x1
3

=
(
glm
)

1

0

0

=


2 −1 0

−1 2 −1

0 −1 1




1

0

0

=


2

−1

0

.
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Òàêèì îáðàçîì: e1 = 2e1 − e2 = 2ex − ex − ey = ex − ey

Íàéä¼ì âåêòîð e2. Â ýòîì ñëó÷àå j = 2 è ñèñòåìà
ïðèîáðåòàåò âèä:

x2
1 (e1e1) + x2

2 (e1e2) + x2
3 (e1e3) = 0,

x2
1 (e2e1) + x2

2 (e2e2) + x2
3 (e2e3) = 1,

x2
1 (e3e1) + x2

2 (e3e2) + x2
3 (e3e3) = 0.

Òîãäà:
x2

1

x2
2

x2
3

 =


2 −1 0

−1 2 −1

0 −1 1




0

1

0

 =


−1

2

−1

 .

Òàêèì îáðàçîì:
e2 = −e1 +2e2−e3 = −ex +2ex +2ey−ex−ey−ez = ey−ez.
Íàéä¼ì âåêòîð e3. Â ýòîì ñëó÷àå j = 3 è ñèñòåìà

ïðèîáðåòàåò âèä:
x3

1 (e1e1) + x3
2 (e1e2) + x3

3 (e1e3) = 0,

x3
1 (e2e1) + x3

2 (e2e2) + x3
3 (e2e3) = 0,

x3
1 (e3e1) + x3

2 (e3e2) + x3
3 (e3e3) = 1.

Òîãäà:
x3

1

x3
2

x3
3

 =


2 −1 0

−1 2 −1

0 −1 1




0

0

1

 =


0

−1

1

 .

Òàêèì îáðàçîì: e3 = −e2 +e3 = −ex−ey +ex +ey +ez = ez.
Èòàê, âåêòîðû âçàèìíîãî áàçèñà èìåþò ñëåäóþùèé âèä:
e1 = 2e1 − e2; e2 = −e1 + 2e2 − e3; e3 = −e2 + e3.
Åñòåñòâåííî, îíè äîëæíû óäîâëåòâîðÿòü ñîîòíîøåíèÿì:

eiej = δji , ñ ïîìîùüþ êîòîðûõ ïðîâåðÿåòñÿ ïðàâèëüíîñòü
ðåøåíèÿ. Ñäåëàåì ÷àñòè÷íóþ ïðîâåðêó, êîãäà i = j. Òîãäà:
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e1e1 = ex (ex − ey) = 1 − 0 = 1, e2e2 = (ex + ey) (ey − ez) =
= 1, e3e3 = (ex + ey + ez) ez = 0 + 0 + 1 = 1, è ò. ä..

Ïî íàéäåííûì âåêòîðàì ëåãêî ñòðîèòñÿ ìàòðèöà îáðàòíîãî
ïåðåõîäà, ýëåìåíòàìè ñòðîê êîòîðîé ÿâëÿþòñÿ êîîðäèíàòû
ñîîòâåòñòâóþùèõ âåêòîðîâ:

β =


1 −1 0

0 1 −1

0 0 1

 .

Å¼ ìîæíî òàêæå íàéòè èç ìàòðèöû ïðÿìîãî ïåðåõîäà β =
=
(
αT
)−1

, âû÷èñëèâ îáðàòíóþ ìàòðèöó ê òðàíñïîíèðîâàííîé.

Çàäà÷à 9.4. Áàçèñíûå âåêòîðû â íîâîé ñèñòåìå êîîðäèíàò
îïðåäåëÿþòñÿ òàêæå êàê â çàäà÷å �2. Íàéòè êîâàðèàíòíûå,
êîíòðàâàðèàíòíûå è ñìåøàííûå êîìïîíåíòû òåíçîðà â íîâîé
ñèñòåìå êîîðäèíàò, çàäàííîãî â äåêàðòîâîé ñèñòåìå êîîðäèíàò
ìàòðèöåé

Aik = A·ki = Ak·i = Aik =


2 1 3

2 3 4

1 2 1

.
Ðåøåíè å: Âîñïîëüçóåìñÿ ôîðìóëàìè ñâÿçè ïðè ïåðåõîäå

èç äåêàðòîâîé â íîâóþ ñèñòåìó êîîðäèíàò. Òîãäà:
e1

e2

e3

 =


1 0 0

1 1 0

1 1 1




ex

ey

ez

 ,

ãäå êâàäðàòíàÿ ìàòðèöà (îáîçíà÷èì å¼ α), åñòü ìàòðèöà ïðÿìîãî
ïðåîáðàçîâàíèÿ ïðè ïåðåõîäå îò çàäàííîé â íîâóþ ñèñòåìó
êîîðäèíàò. Òîãäà êîýôôèöèåíòû ïðÿìîãî ïðåîáðàçîâàíèÿ áóäóò
èìåòü âèä:
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α1
1′ = 1; α2

1′ = 0; α3
1′ = 0;

α1
2′ = 1; α2

2′ = 1; α3
2′ = 0;

α1
3′ = 1; α2

3′ = 1; α3
3′ = 1.

Êîâàðèàíòíûé òåíçîð â íîâîé ñèñòåìå êîîðäèíàò ìîæíî
òåïåðü íàõîäèòü ïîêîìïîíåíòíî, ïîëüçóÿñü îïðåäåëåíèåì
òåíçîðà:

A′ik = αliα
m
k Alm, (9.0.1)

ãäå Alm � êîìïîíåíòû çàäàííîãî òåíçîðà. Òîãäà: A′11 =
= αl1α

m
1 Alm, ãäå l = 1; 2; 3 è m = 1; 2; 3. A′11 = α1

1α
1
1A11 =

= 1 · 1 · 2 = 2. A′12 = αl1α
m
2 Alm = α1

1α
1
2A11 + α1

1α
2
2A12 =

= 2 + 1 = 3, è ò. ä.. Àíàëîãè÷íî íàõîäÿòñÿ è îñòàëüíûå
êîìïîíåíòû òåíçîðà. Ìîæíî ïîñòóïèòü ïðîùå è ñðàçó íàõîäèòü
êîìïîíåíòû òåíçîðà â ìàòðè÷íîé ôîðìå, ò. ê. âûðàæåíèå (9.0.1)
ïðåäñòàâëÿåò ñîáîé êîìïîíåíòû ìàòðèöû, êîòîðàÿ ÿâëÿåòñÿ
ðåçóëüòàòîì ïåðåìíîæåíèÿ òð¼õ ìàòðèö: α, (Alm) è αT �
ìàòðèöà òðàíñïîíèðîâàííàÿ ê ìàòðèöå α, ò. å. ìîæíî çàïèñàòü:
(Aik)

′ = α (Alm)αT . Òîãäà èìååì:
1 0 0

1 1 0

1 1 1




2 1 3

2 3 4

1 2 1




1 1 1

0 1 1

0 0 1

 =


2 3 6

4 8 15

5 11 19

 .

Êîíòðàâàðèàíòíûå êîìïîíåíòû ìîæíî èñêàòü òàêæå ïîëüçóÿñü
îáùèì îïðåäåëåíèåì òåíçîðà: A′ik = βliβ

m
k A

lm, ãäå βli �
êîìïîíåíòû ìàòðèöû îáðàòíîãî ïåðåõîäà β, íàéäåííîé â
ïðåäûäóùåé çàäà÷å. Îäíàêî, è çäåñü ìîæíî ñðàçó íàõîäèòü
êîìïîíåíòû òåíçîðà â ìàòðè÷íîé ôîðìå ïî ôîðìóëå:

(
Aik
)′ =

= β (Aik)βT . Òîãäà ïîëó÷èì:
1 −1 0

0 1 −1

0 0 1




2 1 3

2 3 4

1 2 1




1 0 0

−1 1 0

0 −1 1

=


2 −1 −1

0 −2 3

−1 1 1

.
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Íàéä¼ì â ìàòðè÷íîé ôîðìå ñìåøàííûå êîìïîíåíòû
òåíçîðà â íîâîé ñèñòåìå êîîðäèíàò. Ïóñòü ïåðâûé èíäåêñ
áóäåò êîâàðèàíòíûé A·ik . Òîãäà:

(
A·ik
)′ = α

(
A·ik
)
βT . Òàêèì

îáðàçîì:
1 0 0

1 1 0

1 1 1




2 1 3

2 3 4

1 2 1




1 0 0

−1 1 0

0 −1 1

=


1 −2 3

0 −3 7

−1 −2 8

.
Îñòà¼òñÿ íàéòè êîìïîíåíòû ñìåøàííîãî òåíçîðà, ó êîòîðîãî

ïåðâûé èíäåêñ êîíòðàâàðèàíòíûé Ai·k. Òîãäà:
(
Ai·k
)′ =

= β
(
Ai·k
)
αT . Òàêèì îáðàçîì:

1 −1 0

0 1 −1

0 0 1




2 1 3

2 3 4

1 2 1




1 1 1

0 1 1

0 0 1

=


0 −2 −3

1 2 5

1 3 4

 .

Êîìïîíåíòû òåíçîðà â íîâîé ñèñòåìå êîîðäèíàò ìîæíî
òàêæå èñêàòü ïî ôîðìóëàì, âûðàæàþùèì ñâÿçü ìåæäó
ñìåøàííûìè êî- è êîíòðàâàðèàíòíûìè êîìïîíåíòàìè ñ
ïîìîùüþ ôóíäàìåíòàëüíîãî òåíçîðà.

Çàäà÷à 9.5. Â ñèñòåìå êîîðäèíàò ñ ôóíäàìåíòàëüíûì
òåíçîðîì gik, íàéäåííûì â çàäà÷å �2, çàäàíû äâà âåêòîðà
ñâîèìè êîíòðàâàðèàíòíûìè êîìïîíåíòàìè ai = (1, 2, 3), bj =
= (−1, 0, 2). Âû÷èñëèòü:
1) êîâàðèàíòíûå êîìïîíåíòû âåêòîðîâ ai è bj ,
2) ñêàëÿðíîå ïðîèçâåäåíèå âåêòîðîâ a · b,
3) âåêòîðíîå ïðîèçâåäåíèå âåêòîðîâ a×b â çàäàííîì è âçàèìíîì
áàçèñàõ.

Ðåøåíè å: 1) Ñîãëàñíî îïðåäåëåíèþ êîâàðèàíòíûå
êîìïîíåíòû âåêòîðîâ íàéä¼ì ñ ïîìîùüþ ôóíäàìåíòàëüíîãî
òåíçîðà gik ïî ôîðìóëàì: ai = gija

i è bj = gjib
j . Òîãäà èìååì:
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
a1

a2

a3

 =


1 1 1

1 2 2

1 2 3




1

2

3

 =


6

11

14

,


b1

b2

b3

 =


1 1 1

1 2 2

1 2 3



−1

0

2

 =


1

3

5

.
Èòàê, ðàçëîæåíèå a è b ïî âåêòîðàì âçàèìíîãî áàçèñà èìååò
âèä: a = 6e1 + 11e2 + 14e3, b = e1 + 3e2 + 5e3.

2) Ñêàëÿðíîå ïðîèçâåäåíèå ýòèõ âåêòîðîâ ìîæíî íàõîäèòü
äâóìÿ ñïîñîáàìè:

a · b = gija
ibj = aib

j èëè a · b = gijaibj = aibj .

Ïðèìåíèì ïåðâóþ ôîðìóëó:
a · b = a1b

1 + a2b
2 + a3b

3 = 6 · (−1) + 11 · 0 + 14 · 2 = 22.
Âòîðàÿ ôîðìóëà äà¼ò òî æå çíà÷åíèå:

a · b = a1b1 + a2b2 + a3b3 = 1 · 1 + 2 · 3 + 3 · 5 = 22.
Ñäåëàåì ïðîâåðêó ðåçóëüòàòà. Íàéä¼ì êîìïîíåíòû âåêòîðîâ

a è b â äåêàðòîâîé ñèñòåìå êîîðäèíàò, ó÷èòûâàÿ, ÷òî ñîãëàñíî
çàäà÷å �2: e1 = ex; e2 = ex + ey; e3 = ex + ey + ez:
a = e1+2e2+3e3 = 6ex+5ey+3ez, b = −e1+2e3 = ex+2ey+2ez.
Òîãäà: a · b = axbx + ayby + azb

z = 6 · 1 + 5 · 2 + 3 · 2 = 22.
3) Âåêòîðíîå ïðîèçâåäåíèå a×b òàêæå ìîæíî èñêàòü äâóìÿ

ñïîñîáàìè:

a× b =
√
gεijka

ibjek a× b =
1
√
g
εijkaibjek.

Ïðèìåíèì âòîðóþ ôîðìóëó. Îïðåäåëèòåëü g = det (gij) = 1
(ñîãëàñíî çàäà÷å �2). Òîãäà

√
g = 1. Îòñþäà:

a× b =

∣∣∣∣∣∣∣∣
e1 e2 e3

6 11 14

1 3 5

∣∣∣∣∣∣∣∣ = 13e1 − 16e2 + 7e3.
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Ñäåëàåì ïðîâåðêó ðåçóëüòàòà. Â äåêàðòîâîé ñèñòåìå
êîîðäèíàò íàéäåííûé âåêòîð áóäåò èìåòü ñëåäóþùèå
êîìïîíåíòû: 13ex − 16ex − 16ey + 7ex + 7ey + 7ez = 4ex −
− 9ey + 7ez.

Âû÷èñëèì òåïåðü âåêòîðíîå ïðîèçâåäåíèå, ñ÷èòàÿ, ÷òî a è
b çàäàíû äåêàðòîâûìè êîîðäèíàòàìè: a = (6, 5, 3), b = (1, 2, 2).
Òîãäà:

a× b =

∣∣∣∣∣∣∣∣
ex ey ez

6 5 3

1 2 2

∣∣∣∣∣∣∣∣ = 4ex − 9ey + 7ez.

Âû÷èñëåíèÿ ñîâïàëè. Òàêæå äîëæíû ñîâïàäàòü âû÷èñëåíèÿ,
âûïîëíåííûå ïî ïåðâîé ôîðìóëå:

a× b =

∣∣∣∣∣∣∣∣
e1 e2 e3

1 2 3

−1 0 2

∣∣∣∣∣∣∣∣ = 4e1 − 5e2 + 2e3.

Äëÿ âåêòîðîâ âçàèìíîãî áàçèñà èç çàäà÷è �2 ñëåäóåò: e1 =
= ex− ey; e2 = ey− ez; e3 = ez. Îòñþäà: 4ex− 4ey− 5ey + 5ez +
+ 2ez = 4ex − 9ey + 7ez.

Îòâ å ò: 1) a = (6, 11, 14), b = (1, 3, 5); 2) a · b = 22; 3) a ×
× b = (4,−9, 7), ai × bj = (13,−16, 7), ai × bj = (4,−5, 2).

Âàðèàíòû êîíòðîëüíûõ ðàáîò

Çàäà÷à 9.1. Â ïðÿìîóãîëüíîé ñèñòåìå êîîðäèíàò Oxyz
çàäàíà ìàòðèöà àôôèííîãî îðòîãîíàëüíîãî òåíçîðà âòîðîãî

ðàíãà Tij. Íàéòè ìàòðèöó ýòîãî òåíçîðà â ïðÿìîóãîëüíîé

ñèñòåìå êîîðäèíàò Ox′y′z′, êîòîðàÿ ïîëó÷àåòñÿ èç ñèñòåìû

Oxyz â ðåçóëüòàòå å¼ ïîâîðîòà âîêðóã çàäàííîé îñè íà óãîë ϕ.

1.


4 0 0

0 8 0

0 0 3

, OZ, ϕ =
5π
6
. 2.


1 0 0

0 4 0

−2 0 0

, OX, ϕ =
π

6
.
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3.


0 0 2

0 2 0

0 0 1

, OZ, ϕ =
π

4
. 4.


4 0 0

0 0 0

2 0 1

, OZ, ϕ =
2π
3
.

5.


4 0 2

0 0 0

0 2 0

, OZ, ϕ =
π

6
. 6.


4 0 0

0 4 0

2 0 0

, OX, ϕ =
2π
3
.

7.


4 0 8

0 0 0

8 0 0

, OY , ϕ =
π

6
. 8.


0 0 2

0 0 0

2 0 6

, OX, ϕ =
π

4
.

9.


0 0 0

0 1 0

2 0 1

, OX, ϕ =
π

6
. 10.


4 0 4

0 3 0

0 0 0

, OY , ϕ =
π

3
.

11.


0 0 2

0 4 0

2 0 0

, OX, ϕ =
π

6
. 12.


0 2 0

0 0 0

−2 0 −4

, OX, ϕ =
π

3
.

13.


0 0 1

2 0 0

0 0 1

, OY , ϕ =
π

4
. 14.


4 0 0

0 0 −2

4 0 0

, OY , ϕ =
2π
3
.

15.


4 0 −2

0 0 0

0 0 3

, OZ, ϕ =
π

3
.

Çàäà÷à 9.2. Áàçèñíûå âåêòîðû ñèñòåìû êîîðäèíàò
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K ′(e1, e2, e3) âûðàæàþòñÿ ÷åðåç áàçèñíûå âåêòîðû

äåêàðòîâîé ñèñòåìû êîîðäèíàò K(ex, ey, ez) êàê ïîêàçàíî

íèæå. Âû÷èñëèòü êîíòðàâàðèàíòíûé è êîâàðèàíòíûé

ôóíäàìåíòàëüíûå òåíçîðû â íîâîé ñèñòåìå êîîðäèíàò.

1. e1 = ex − ey, e2 = −2 ex + ey, e3 = ey + ez.
2. e1 = ey, e2 = ey + ez, e3 = 2 ex + ey − ez.
3. e1 = 2 ex + ey + ez, e2 = − ex − ez, e3 = ex.
4. e1 = 2 ex + ey + 3 ez, e2 = ez, e3 = − ex − ey.
5. e1 = ex, e2 = 2 ex + ey + ez, e3 = −ey − 2 ez.
6. e1 = ex + 2 ey + 3 ez, e2 = ex, e3 = ey + ez.
7. e1 = 2 ex + ey, e2 = 5 ex + 3 ey + ez, e3 = ez.
8. e1 = 2 ex + ey + ez, e2 = ey, e3 = −3 ex − ez.
9. e1 = ez, e2 = ex + ey + ez, e3 = 3 ex + 2 ey.
10. e1 = − ex − 3 ez, e2 = ex + 2 ez, e3 = 2 ex + ey + 4 ez.
11. e1 = ex + ez, e2 = 2 ex + 3 ez, e3 = − ex + ey + 4 ez.
12. e1 = ex, e2 = ex + ey, e3 = ex + 3 ey + ez.
13. e1 = ex, e2 = 2 ex + ey, e3 = ex + 4 ey + ez.
14. e1 = ex, e2 = 3 ex + ey, e3 = ex + 5 ey + ez.
15. e1 = − ex, e2 = ex + ey, e3 = ex − ey − ez.

Çàäà÷à 9.3. Íàéòè âçàèìíûé áàçèñ äëÿ áàçèñíûõ âåêòîðîâ

e1, e2, e3, çàäàííûõ â ïðåäûäóùåé çàäà÷å �2. Ïîñòðîèòü

ïî íèì ìàòðèöó îáðàòíîãî ïåðåõîäà β èç íîâîé ñèñòåìû

êîîðäèíàò K ′(e1, e2, e3) â ñòàðóþ äåêàðòîâóþ K(ex, ey, ez).

Çàäà÷à 9.4. Áàçèñíûå âåêòîðû â íîâîé ñèñòåìå êîîðäèíàò

îïðåäåëÿþòñÿ òàêæå êàê â çàäà÷å �2. Íàéòè êîâàðèàíòíûå,

êîíòðàâàðèàíòíûå è ñìåøàííûå êîìïîíåíòû òåíçîðà â

íîâîé ñèñòåìå êîîðäèíàò, çàäàííîãî â äåêàðòîâîé ñèñòåìå

êîîðäèíàò ìàòðèöåé T .

T1=


2 0 1

0 4 3

2 5 1

. T2=


1 6 5

2 −4 3

5 2 −1

. T3=


−2 1 4

8 5 2

−6 3 8

.
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T4=


4 8 −2

9 7 3

4 2 6

. T5=


−3 4 1

7 8 −5

9 2 7

. T6=


1 6 7

5 2 9

3 4 1

.

T7=


2 1 8

4 3 −2

6 5 −4

. T8=


3 6 4

2 3 0

0 1 1

. T9=


3 6 0

2 2 5

1 0 1

.

T10=


2 2 0

0 1 3

4 3 5

. T11=


5 3 2

0 1 3

1 4 0

. T12=


3 0 5

4 2 2

0 4 1

.

T13=


5 2 0

2 3 1

0 4 6

. T14=


3 1 4

2 3 1

0 4 0

. T15=


1 2 3

0 6 0

4 2 1

.
Çàäà÷à 9.5. Â ñèñòåìå êîîðäèíàò ñ ôóíäàìåíòàëüíûì

òåíçîðîì gik, íàéäåííûì â çàäà÷å �2, çàäàíû äâà âåêòîðà

ñâîèìè êîíòðàâàðèàíòíûìè êîìïîíåíòàìè ai, bj. Âû÷èñëèòü:
êîâàðèàíòíûå êîìïîíåíòû âåêòîðà, ñêàëÿðíîå ïðîèçâåäåíèå

âåêòîðîâ, âåêòîðíîå ïðîèçâåäåíèå âåêòîðîâ â çàäàííîì è

âçàèìíîì áàçèñå.

1. a = e1 + 2 e2 + 3 e3, b = e1 + 4 e3.
2. a = e1 + e2 + e3, b = e1 + e2 + e3.
3. a = 2 e1 + e2 − e3, b = e1 + 3 e2 + 4 e3.
4. a = −e1 − 3 e2 + 3 e3, b = 3 e2 + 2 e3.
5. a = e1 + 2 e2 + 2 e3, b = −3 e1 + e2 − 2 e3.
6. a = 6 e1 + 2 e2 − 5 e3, b = −e1 + 3 e2 + 4 e3.
7. a = 7 e1 − 3 e2 + 4 e3, b = e1 + 4 e3.
8. a = 5 e1 − 2 e2 + 3 e3, b = e1 + e2 + 2 e3.
9. a = −2 e1 + 3 e2 − e3, b = e1 − e3.
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10. a = −5 e1 + 2 e2 − 4 e3, b = 4 e1 − 2 e2 + 3 e3.
11. a = 2 e1 − e3, b = −e1 + e2.
12. a = −5 e1 + 4 e2 − e3, b = −5 e2 + 2 e3.
13. a = 5 e1 − 2 e2, b = −3 e1 − e2 + e3.
14. a = 11 e1 − 4 e2 + e3, b = −8 e1 + 4 e2 − 2 e3.
15. a = 2 e1 + 3 e3, b = 6 e1 + e2 + 4 e3.
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Îòâåòû

Êîíòðîëüíàÿ ðàáîòà �1

1.1.1. a) 3
√

5, cosα =
2√
5
, cosβ =

1√
5
, cos γ = 0, á) (−2; 1; 1), â) OX : z =

= 1, x = 2 − 4y, x ∈ R, OY : z = 1, y = 3 − 2x, y ∈ R, OZ : x =

= −2, y = 1, z ∈ R. 1.1.2. a) 2
√

2, cosα = − 1√
2
, cosβ = − 1√

2
, cos γ = 0, á)

(3− y; y; 1), â) OX : z = 1, x = 3− y, x ∈ R, OY : z = 1, y = 3− x, y ∈ R,
OZ : x + y = 3, z ∈ R. 1.1.3. a) 2

√
14, cosα = − 1√

14
, cosβ =

3√
14
,

cos γ = − 2√
14
, á) (2; 2; 3), â) OX : z = 3, 2x + y = 6, x ∈ R, OY : z =

= 3, 3x− 2y = 2, y ∈ R, OZ : x = 2, y = 2, z ∈ R. 1.1.4. a) 26, cosα =
4

13
,

cosβ =
3√
13
, cos γ =

12

13
, á) (−1; 1; −1), â) OX : z = −1, 2y + 3x =

= −1, x ∈ R, OY : z = −1, 4x + 3y = −1, y ∈ R, OZ : x = −1, y =

= 1, z ∈ R. 1.1.5. a) 2
√

29, cosα =
2√
29
, cosβ = − 4√

29
, cos γ =

3√
29
, á)

(1; 3; 2), â) OX : z = 2, x = 2y − 5, x ∈ R, OY : z = 2, y = 4x− 1, y ∈ R,
OZ : x = 1, y = 3, z ∈ R. 1.1.6. a) 6

√
2, cosα = 0, cosβ =

1√
2
, cos γ =

1√
2
,

á) (0; 0; 1/2), â) OX : z = 1/2, x = 4y, x ∈ R, OY : z = 1/2, x = y, y ∈ R,
OZ : x = 0, y = 0, z ∈ R. 1.1.7. a) 2

√
5, cosα = 0, cosβ =

2√
5
, cos γ = − 1√

5
,

á) (1; −1; 2), â) OX : z = 2, y = −1, x ∈ R, OY : z = 2, x = 1, y ∈ R,
OZ : x = 1, y = −1, z ∈ R. 1.1.8. a)

√
22, cosα =

3√
22
, cosβ =

3√
22
,

cos γ =
2√
22
, á) (−3; −3; −4), â) OX : x ∈ R, y = x/3 − 2, z = 2x/3 − 2,

OY : x = y/3−2, y ∈ R, z = 2y/3−2, OZ : x = z/2−1, y = z/2−1, z ∈ R.
1.1.9. a) 4, cosα = −1, cosβ = 0, cos γ = 0, á) (3; 1; 1), â) OX : x ∈ R, y =
= 1, z = 1, OY : x = −3, 2z− y = 1, y ∈ R, OZ : x = 3, 5y− 2z = 3, z ∈ R.
1.1.10. a) 7, cosα = 0, cosβ = 0, cos γ = −1, á) (1; 2; 3), â) OX : z = 3, y =
= 2, x ∈ R, OY : x = 1, 6z − 5y = 8, y ∈ R, OZ : x = 1, 2y − z = 1, z ∈ R.
1.1.11. a) 4

√
43, cosα =

3√
43
, cosβ =

3√
43
, cos γ = − 5√

43
, á) (−1; 3; 1), â)

OX : z = 1, y = 3, x ∈ R, OY : x = −1, 5y − 4z = 11, y ∈ R, OZ : x =
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= −1, 5z − 3y = −4, z ∈ R. 1.1.12. a)
√

46, cosα =
1√
46
, cosβ = − 6√

46
,

cos γ =
3√
46
, á) (2; 4; 2), â) OX : 7x−4z = 6, y = 4, x ∈ R, OY : x = 2, z =

= 2, y ∈ R, OZ : 7z−6x = 2, y = 4, z ∈ R. 1.1.13. a) 2
√

102, cosα =
1√
102

,

cosβ =
10√
102

, cos γ =
1√
102

, á) (3; −1; 2), â) OX : y = −1, x = 3z −

− 3, x ∈ R, OY : x = 3, z = 2, y ∈ R, OZ : x = z + 1, y = −1, z ∈ R.
1.1.14. a) 2

√
34, cosα = − 3√

34
, cosβ = − 4√

34
, cos γ = − 3√

34
, á) (4; 2; 1),

â) OX : y = 2, z = x/2 − 1, x ∈ R, OY : x = 1, z = 1, y ∈ R, OZ : x =

= 5 − z, y = 2, z ∈ R. 1.1.15. a) 3
√

5, cosα = − 6√
461

, cosβ =
16√
461

,

cos γ = − 13√
461

, á) (−2; −3; 3), â) OX : y = −3, z = 3x/2 + 6, x ∈ R,

OY : x = −2, z = 3, y ∈ R, OZ : x = −3z/4 + 1/4, y = −3, z ∈ R.
1.2.1. − 26√

2
. 1.2.2. 10.4. 1.2.3.

4√
3
. 1.2.4.

47√
41
. 1.2.5. − 36√

11
. 1.2.6.

9√
2
.

1.2.7.
6√
3
. 1.2.8.

6√
3
. 1.2.9.

32

3
√

2
. 1.2.10.

48√
3
. 1.2.11. − 42√

14
. 1.2.12. 32.

1.2.13. − 10√
3
. 1.2.14. − 8√

3
. 1.2.15. 4.

1.3.1. äà. 1.3.2. äà. 1.3.3. äà. 1.3.4. äà. 1.3.5. íåò. 1.3.6. äà. 1.3.7. äà.
1.3.8. äà. 1.3.9. äà. 1.3.10. äà. 1.3.11. äà. 1.3.12. äà. 1.3.13. äà. 1.3.14.
äà. 1.3.15. äà.

1.4.1. ϕ = π. 1.4.2. ϕ = 0. 1.4.3. cosϕ =
7

9
. 1.4.4. cosϕ = −1

6
. 1.4.5. ϕ =

= π. 1.4.6. ϕ = 0. 1.4.7. ϕ = 0. 1.4.8. ϕ =
π

2
. 1.4.9. ϕ = 0. 1.4.10. ϕ = 0.

1.4.11. ϕ =
π

2
. 1.4.12. ϕ = 0. 1.4.13. ϕ =

π

3
. 1.4.14. ϕ =

π

3
. 1.4.15. cosϕ =

=
1

33
.

1.5.1. gradu = −i−j− k. 1.5.2. gradu = i+j+k. 1.5.3. gradu = −i−j− π
8

k.

1.5.4. gradu = 0. 1.5.5. gradu = 0. 1.5.6. gradu =
1

2
i +

1

2
j +

1

2
k.

1.5.7. gradu =
1

20
i +

1

20
j +

1

20
k. 1.5.8. gradu =

√
3

2
i +

√
3

2
j +

2√
3

k.

1.5.9. gradu = −4 i−4 j−4 k. 1.5.10. gradu = −2 i−2 j−2 k. 1.5.11. gradu =

= −2 i−2 j−2 k. 1.5.12. gradu = − 2√
3

i− 2√
3

j− 2√
3

k. 1.5.13. gradu = 0.

1.5.14. gradu = −2 i− 2 j− 2 k. 1.5.15. gradu = i + j + k.
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Êîíòðîëüíàÿ ðàáîòà �2

2.1.1.
1√
2
. 2.1.2. 2

√
3. 2.1.3.

22

15
. 2.1.4.

√
3. 2.1.5. −165. 2.1.6. −13

60
.

2.1.7.
91

90
. 2.1.8.

√
2 (2 + π). 2.1.9. 4 + 15π. 2.1.10.

80π3

3
. 2.1.11. − 3π√

2
.

2.1.12.

√
3. 2.1.13.

143

8
. 2.1.14.

44

5
. 2.1.15.

10π2

9
+ ln 32.

2.2.1. S4 = 24, 2x+2y+z = 8, IS = 160. 2.2.2. S4 = 6, 2x+2y+z = 4, IS =

=
8

5
. 2.2.3. S4 = 3

√
14, 3x+2y+z = 6, IS = 2

√
14. 2.2.4. S4 = 4

√
21, 4x+

+ 2y + z = 8, IS = 8
√

21. 2.2.5. S4 = 6
√

2, 4x + y + z = 4, IS = 12
√

2.

2.2.6. S4 =
√

21, 2x + 4y + z = 4, IS =

√
21

3
. 2.2.7. S4 = 4

√
21, 2x +

+ 4y + z = 8, IS = 8
√

21. 2.2.8. S4 = 3
√

14, 2x + 3y + z = 6, IS =
√

14.
2.2.9. S4 = 6

√
26, 4x + 3y + z = 12, IS =

√
26. 2.2.10. S4 = 5

√
30, 5x +

+ 2y + z = 10, IS = 0. 2.2.11. S4 = 6
√

11, 3x + y + z = 6, IS = 12
√

11.

2.2.12. S4 = 4
√

6, x + 2y + z = 4, IS = 0. 2.2.13. S4 =
15
√

3

2
, 5x +

+ y + z = 5, IS = 5
√

3. 2.2.14. S4 =
3
√

11

2
, x + 3y + z = 3, IS =

√
11.

2.2.15. S4 =
3
√

11

2
, 3x+ y + z = 3, IS = 0.

2.3.1.
91

60
. 2.3.2. 2π2a2h. 2.3.3.

1

35
. 2.3.4. −πa2. 2.3.5. 1. 2.3.6.

14

3
− π

2
.

2.3.7.
9π

2
+6. 2.3.8. −14

15
. 2.3.9. 4a2π2. 2.3.10. −8. 2.3.11.

3

28
. 2.3.12. 51π.

2.3.13. 3π2 +
128

3
π. 2.3.14.

256

5
. 2.3.15.

11

5
.

2.4.1.
56

3
. 2.4.2. 0. 2.4.3. −40. 2.4.4. −6π. 2.4.5. −8. 2.4.6. 0. 2.4.7. −67.

2.4.8.
56

3
. 2.4.9. 0. 2.4.10. 40. 2.4.11. −64

5
. 2.4.12. −2. 2.4.13. −1

3
.

2.4.14. −3. 2.4.15. 0.

2.5.1.
5

3
, 2x+ y+ z = 2. 2.5.2.

8

3
, 2x+ 2y+ z = 4. 2.5.3. 3, 3x+ 2y+ z = 6.

2.5.4. 0, 4x+ 2y+ z = 8. 2.5.5.
39

4
, 3x+ y+ z = 3. 2.5.6. 8, 4x+ y+ z = 4.

2.5.7.
155

6
, 5x+y+z = 5. 2.5.8.

7

2
, 2x+4y+z = 4. 2.5.9.

9

2
, x+3y+z = 3.

2.5.10.
64

3
, 2x+ 4y + z = 8. 2.5.11.

63

2
, 3x+ 3y + z = 9. 2.5.12. 51, 2x+

+ 3y + z = 6. 2.5.13. 84, 4x + 3y + z = 12. 2.5.14. 100, 5x + 2y + z = 10.
2.5.15. 36, 3x+ y + z = 6.

2.6.1.
5

3
. 2.6.2.

8

3
. 2.6.3. 3. 2.6.4. 0. 2.6.5.

39

4
. 2.6.6. 8. 2.6.7. 0.

2.6.8. 0. 2.6.9.
9

2
. 2.6.10.

64

3
. 2.6.11. 0. 2.6.12. 48. 2.6.13. 72. 2.6.14. 100.

2.6.15. 36.
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3.1.1. rot a = −y i − z j − xk. 3.1.2. rot a = 0. 3.1.3. rot a =
`
y2 − x2´ k.

3.1.4. rot a = 0. 3.1.5. rot a = 0. 3.1.6. rot a = 0. 3.1.7. rot a = xz i −
− yz j+

`
y2 − x2´ k. 3.1.8. rot a = 2yz i− 2xz j−

`
x2 + y2´ k. 3.1.9. rot a =

= x
`
z2 − y2´ i + y

`
x2 − z2´ j + z

`
y2 − x2´ k. 3.1.10. rot a = 0. 3.1.11.

rot a = 2yz i + 2xz j + 2xy k. 3.1.12. rot a = 3y2z i + 3z2x j + 3x2y k. 3.1.13.

rot a = −2yz i−2xz j−2xy k. 3.1.14. rot a = 0. 3.1.15. rot a = 2yz i−2xz j.

3.2.1. div a = x+y+z. 3.2.2. div a = − 2

(x+ y + z)5/3
. 3.2.3. div a = 4xy+

+ 2z. 3.2.4. div a = 6xy2z + 2x3z. 3.2.5. div a = 0. 3.2.6. div a = 3x2 +
+ 3y2− 3z2. 3.2.7. div a = 5xy. 3.2.8. div a = x2 + y2. 3.2.9. div a = 6xyz.

3.2.10. div a =
2p

x2 + y2 + z2
. 3.2.11. div a = x2 +y2 +z2. 3.2.12. div a =

= x3 +y3 +z3. 3.2.13. div a = x2 +y2 +z2. 3.2.14. div a = 2
`
x2 + y2 + z2´.

3.2.15. div a = 2
`
x2 + y2´.

3.3.1. (2, 2, 1). 3.3.2. (3, 6, 3). 3.3.3.

„
0,−1

3
,

1

3

«
. 3.5.4.

„
1,

2

3
,−2

«
.

3.3.5.

„
4

3
,

10

3
,

10

3

«
. 3.3.6.

„
5

3
,

2

3
,

5

3

«
. 3.3.7. (1, 2, 3). 3.3.8. (7, 2,−1).

3.3.9.

„
−1

9
,−1

9
,−1

9

«
. 3.3.10.

„
10

3
,−1

3
,−6

«
. 3.3.11.

„
−1

3
,

4

3
, 6

«
.

3.3.12.

„
2,

5

3
,−1

3

«
. 3.3.13. (2e, 2e,−2e). 3.3.14.

„
4

3
,

2

3
,

4

3

«
. 3.3.15.„

− e
3
,

4e

3
,−2e

3

«
.

3.4.1. div[a,b] = −2
`
x2y + y2z + xz2´ , rot[a, c] = (−2(y + z), −2(x+ z),

−2(x+ y)). 3.4.2. div[a,b] = xy (1 + y)+z2, rot[a, c] = (−y, −z, −x). 3.4.3.
div[a,b] = ey, rot[a, c] = (1− 2y − 2z, −1− 2z, −1− 2y). 3.4.4. div[a,b] =
= 2 (y − z) arctg x, rot[a, c] = (sin y + sin z, sinx+ sin z, sinx+ sin y). 3.4.5.

div[a,b] = 2 cosx sin y, rot[a, c] =

„
0, sinx− 1√

1− z2
, sinx+ sin y

«
. 3.4.6.

div[a,b] = 4ex + 4z− ln y, rot[a, c] =

„
−1

y
− 1

z
, − 1

x
− 1

z
, 4− 1

x
− 1

y

«
. 3.4.7.

div[a,b] = x3 (5 + 2z) + z2 (1− 4z) , rot[a, c] =
`
−2z, −1− 3x2, 5− 3x2´.

3.4.8. div[a,b] = 0, rot[a, c] = (y + z, x+ z, x+ y). 3.4.9. div[a,b] =
= 3

`
y2 − z2´ tg x, rot[a, c] =

`
0, 3

`
z2 − x2´ , 3

`
y2 − x2´´. 3.4.10.

div[a,b] = e−y
`
e−z − e−x

´
, rot[a, c] =

`
e−y − 1, 0, e−y − 1

´
. 3.4.11.

div[a,b] = y2 `2xy − 5y2 + 3z2´ , rot[a, c] = (2y + sin z, 2x+ sin z, 0).
3.4.12. div[a,b] = ex + (ex − ey) (x− y) , rot[a, c] = (8, 11, 8). 3.4.13.

div[a,b] = − (x− y)(x− z)
xy

, rot[a, c] = (2, 2, 2). 3.4.14. div[a,b] = −x −
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− x2, rot[a, c] = (−2− 6y, −1− 2x, −2x− 6y). 3.4.15. div[a,b] = −x2 −
− 2x− 5y − 9z − 16, rot[a, c] = (1− 6y − 2z, 1− 2x− 2z, 1− 2x− 6y).

3.5.1. 1) f(x, y, z) =
z3

3
, 2) f(x, y, z) = 2xy + x − z. 3.5.2. 1) f(x, y, z) =

= z
`
x2 − z

´
, 2) f(x, y, z) = 2xyz + x − 2z. 3.5.3. 1) f(x, y, z) = 0,

2) f(x, y, z) =
x

y + z
− x − 3z. 3.5.4. 1) f(x, y, z) =

z2

2
, 2) f(x, y, z) =

= 2xyey
2−z2 +x− 4z. 3.5.5. 1)f(x, y, z) =

z2

2
, 2)f(x, y, z) = 3xy2 + 2x− 5z.

3.5.6. 1) f(x, y, z) = xy2z, 2) f(x, y, z) = y + 10z. 3.5.7. 1) f(x, y, z) = x2y,
2) f(x, y, z) = 2xz + 2y + 2z. 3.5.8. 1) f(x, y, z) = xy2, 2) f(x, y, z) = ze−y −
− 3y + 8z. 3.5.9. 1) f(x, y, z) = −yez, 2) f(x, y, z) = 2xz + z + y. 3.5.10.

1) f(x, y, z) = 0, 2) f(x, y, z) = 5y + 10z − z sinx. 3.5.11. 1) f(x, y, z) =
= x (y − z), 2) f(x, y, z) = 3xyz2 − 3x− y. 3.5.12. 1) f(x, y, z) = x+ cosx−
−sinx, 2)f(x, y, z) = xy+2x+4y. 3.5.13. 1)f(x, y, z) = −xez, 2)f(x, y, z) =

=
x

1 + z2
− x+ y. 3.5.14. 1) f(x, y, z) = 0, 2) f(x, y, z) = 2xz ln y − 4x+ 3y.

3.5.15. 1) f(x, y, z) = 3x sin y sin z, 2) f(x, y, z) = x (1− sin z) + 3y.

Êîíòðîëüíàÿ ðàáîòà �4

4.1.1. gradu = z2 tg θeρ +
z2

cos2 θ
eϕ + 2zρ tg θez. 4.1.2. gradu =

= − z

ρ2
ctg θeρ −

z

ρ2 sin2 θ
eϕ +

1

ρ
ctg θez. 4.1.3. gradu = 4ρ

„
1 +

ρ2

z2

«
eρ +

+ 2

„
z − ρ4

z3

«
ez. 4.1.4. gradu =

ρ

z
p
ρ2 − z2

eρ −
ρ2

z2
p
ρ2 − z2

ez. 4.1.5.

gradu = −4z2 cos 2θ

ρ sin2 2θ
eϕ +

4z

sin 2θ
ez. 4.1.6. gradu = zρ (3ρ+ sin 2θ) eρ +

+ zρ cos 2θeϕ +
ρ2

2
(2ρ+ sin 2θ) ez. 4.1.7. gradu = −z

2

ρ2
eρ + 2zρez.

4.1.8. gradu =
z

4
sin2 2θeρ +

z

2
sin 4θeϕ +

ρ

4
sin2 2θez. 4.1.9. gradu =

= − z

ρ2
eρ −

4 cos 2θ

ρ sin2 2θ
eϕ +

1

ρ
ez. 4.1.10. gradu =

1

ρ
eρ +

2 ctg 2θ

ρ
eϕ +

1

z
ez.

4.1.11. gradu = −6z3

ρ7
cos

„
z3

ρ6

«
eρ +

3z2

ρ6
cos

„
z3

ρ6

«
ez. 4.1.12. gradu =

= −3ρ2

z3
sin

„
ρ3

z3

«
eρ +

3ρ3

z4
sin

„
ρ3

z3

«
ez. 4.1.13. gradu = zezρeρ + ρezρez.

4.1.14. gradu = −2z cos 2θ

ρ sin 2θ
eϕ + ln

„
2

sin 2θ

«
ez. 4.1.15. gradu = −1

ρ
eρ −

− 2

ρ
ctg 2θeϕ −

1

z
ez.

4.2.1. gradu =
2

r
er. 4.2.2. gradu = −3

r
sin θ cos2 θeθ. 4.2.3. gradu =
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=
2r

cos2 θ
er +

2r tg θ

cos2 θ
eθ. 4.2.4. gradu = − sin 2θ tgϕ

r
eθ +

1

r sin θ cos2 ϕ
eϕ.

4.2.5. gradu = −ctgϕ

r2
er−

1

r2 sin θ sin2 ϕ
eϕ. 4.2.6. gradu =

2 ctg θ

r
eθ. 4.2.7.

gradu = −2 ctg θ

r
eθ. 4.2.8. gradu = −4 ctg3 θ

r sin2 θ
eθ. 4.2.9. gradu =

4

r sin 2θ
eθ.

4.2.10. gradu =
4 sin3 θ cos θ

r
eθ. 4.2.11. gradu =

2 cos θ

sin 2ϕ
er −

2 sin θ

sin 2ϕ
eθ −

− 4 tg θ cos 2ϕ

sin2 2ϕ
eϕ. 4.2.12. gradu = 2r ctg2 θer −

2r ctg θ

sin2 θ
eθ. 4.2.13. gradu =

=
2

r

sin θ

cos2 θ
eθ. 4.2.14. gradu = −1 + cos2 θ

r sin3 θ
eθ. 4.2.15. gradu =

ctgϕ

r
eθ.

4.3.1. a = ρz (eρ − ez) , div a = 2z − ρ. 4.3.2. a = eρ −
z

ρ
ez, div a =

= 0. 4.3.3. a = ρzeρ + ρeϕ + z tgϕez, div a = 2z + tg θ. 4.3.4. a =

=
z

ρ
eρ + z2ez, div a = 2z, 4.3.5. a = ρ4 cosϕeρ + z sinϕeϕ, div a =

=

`
5ρ4 + z

´
cos θ

ρ
. 4.3.6. a =

1

ρ4 cosϕ
eρ −

1

ρ4
ez, div a = − 3

ρ5 cos θ
. 4.3.7.

a = ρ2eρ + ρeϕ + zez, div a = 3ρ+ 1. 4.3.8. a = ρ2eρ + ρz (eϕ + ez) , div a =

= 4ρ. 4.3.9. a =
z

ρ2
(eρ − ez) , div a = −ρ+ z

ρ3
. 4.3.10. a =

z

ρ2
eρ +

+
sin 2ϕ

2ρ
ez, div a = − z

ρ3
. 4.3.11. a =

z

ρ2 sinϕ
eρ +

z

ρ2
ez, div a =

1

ρ2
−

− z

ρ3 sin θ
. 4.3.12. a =

z

ρ
(eρ − ez) , div a = −1

ρ
. 4.3.13. a = ρzeρ − ρeϕ −

− z sinϕez, div a = 2z − sin θ. 4.3.14. a = zρeρ + ρ4ez, div a = 2z. 4.3.15.
a = ρz (sin 2ϕeρ + cos 2ϕeϕ − ρez) , div a = −ρ2.
4.4.1. a = sinϕeθ, div a = 0. 4.4.2. a = − cos 2ϕer + sin 2ϕeϕ, div a =

=
2 cos2 θ

r
. 4.4.3. a =

1

r sin θ sinϕ
er, div a =

1

r2 sin θ sinϕ
. 4.4.4. a =

=
1

r5
er, div a = − 3

r6
. 4.4.5. a =

sin θ

r
(cos θer − sin θeθ + eϕ) , div a =

= − sin 2θ

r2
. 4.4.6. a = −cos 2ϕ

r4
er +

sin 2ϕ

r4
eϕ, div a =

2
`
5 cos2 θ − 2

´
r5

.

4.4.7. a =
1

r2
er, div a = 0. 4.4.8. a =

cosϕ tg θ

r
er, div a =

cosϕ tg θ

r2
.

4.4.9. a = −cos 2ϕ

r3
er +

sin 2ϕ

r3
eϕ, div a =

8 cos2 θ − 3

r4
. 4.4.10. a =

= r cosϕer + reθ, div a = 3 cosϕ + ctgϕ. 4.4.11. a =
sinϕ tg θ

r
eθ, div a =

=
1

r2 cos2 θ
. 4.4.12. a = r (cosϕeθ + sin θeϕ) , div a = sin θ ctgϕ. 4.4.13.

a =
tgϕ

r5
er, div a = −3 tgϕ

r6
. 4.4.14. a =

ctg θ

r4
er, div a = −2 ctg θ

r5
. 4.4.15.

a =
r

tgϕ
eϕ, div a = −1.
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4.5.1. a = ρz (eρ − ez) , rot a = (ρ+ z) eϕ. 4.5.2. a = eρ −
z

ρ
ez, rot a =

= − z

ρ2
eϕ. 4.5.3. a = ρzeρ + sinϕez, rot a =

cosϕ

ρ
eρ +ρeϕ. 4.5.4. a =

z

ρ
eρ +

+z2ez, rot a =
1

ρ
eϕ. 4.5.5. a = ρ cosϕeρ+ρzez, rot a = −zeϕ+sinϕez. 4.5.6.

a =
1

ρ2
eρ−

z

ρ2
ez, rot a = −2z

ρ3
eϕ. 4.5.7. a = ρ (eρ + eϕ + ez) , rot a = −eϕ +

+ 2ez. 4.5.8. a =
1

ρ2 cosϕ
eρ −

1

ρ2
ez, rot a = − 2

ρ3
eϕ −

sinϕ

r3 cos2 ϕ
ez. 4.5.9.

a = ρz (eρ − ρez) , rot a = ρ (2z + 1) eϕ. 4.5.10. a =
z

ρ2
eρ +

sin 2ϕ

ρ
ez, rot a =

=
cos 2ϕ

ρ2
eρ +

2 + sin 2ϕ

2ρ2
eϕ. 4.5.11. a = ρzeρ + ρ sinϕeϕ + z2ez, rot a =

= ρeϕ + 2 sinϕez. 4.5.12. a = ρ2eρ + tgϕeϕ + zez, rot a =
tgϕ

ρ
ez. 4.5.13.

a = tgϕeρ + ρ2zez, rot a = −2ρzeϕ +
1

ρ sin2 ϕ
ez. 4.5.14. a = ρ3eρ +

+ z cosϕez, rot a = −z sinϕ

ρ
eρ. 4.5.15. a = ρeϕ + z2 sin2 ϕez, rot a =

=
z2 sin 2ϕ

ρ
eρ + 2ez.

4.6.1. a = sinϕeθ, rot a =
2 cos θ

r
er −

sin θ

r
eθ. 4.6.2. a = − cos 2ϕer +

+ sin 2ϕeϕ, rot a = − sin 2θ

r
eϕ. 4.6.3. a =

1

ρ sinϕ sin θ
er, rot a =

= − cosϕ

r2 sin2 ϕ sin2 θ
eθ +

cos θ

r2 sinϕ sin2 θ
eϕ. 4.6.4. a =

1

r5
er, rot a = 0. 4.6.5.

a =
sin 2ϕ

2r
er +

sinϕ

r
eθ −

sin 2ϕ

2r
eϕ, rot a =

2 cos θ

r2
er −

cos 2θ

r2
eϕ. 4.6.6.

a =
sinϕ

r
er, rot a = −cosϕ

r2
eθ. 4.6.7. a =

1

r2
er, rot a = 0. 4.6.8. a =

= r3eϕ, rot a = 4r2eθ. 4.6.9. a = −cos 2ϕ

r3
er +

sin 2ϕ

r3
eϕ, rot a = −4 sin 2θ

r4
eϕ.

4.6.10. a = −cos 2ϕ

r4
er +

sin 2ϕ

r4
eϕ, rot a = −5 sin 2θ

r5
eϕ. 4.6.11. a =

=
cos2 ϕ

r
er +

sin2 ϕ

r
eϕ, rot a =

sin 2ϕ

r2
eϕ. 4.6.12. a =

1

r3
er + r tgϕeϕ, rot a =

= 2 tgϕeθ. 4.6.13. a = sin θeϕ, rot a = − cos θ

r sinϕ
er +

sin θ

r
eϕ. 4.6.14. a =

= rer + tg θeθ, rot a =
ctgϕ tg θ

r
er −

tg θ

r
eϕ. 4.6.15. a = r (eθ + eϕ) , rot a =

= ctgϕer + 2eθ − 2eϕ.
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Êîíòðîëüíàÿ ðàáîòà �5

5.1.1. 24π. 5.1.2. 32π. 5.1.3. 6π. 5.1.4. 9π. 5.1.5. 54π. 5.1.6. 6. 5.1.7.

12π2. 5.1.8. 12π. 5.1.9. 9π. 5.1.10.
21π2

4
. 5.1.11. 36π. 5.1.12. 36π. 5.1.13.

15π. 5.1.14. 108π. 5.1.15. 4π.

5.2.1. a5. 5.2.2. 360. 5.2.3. 11. 5.2.4. 120. 5.2.5. 80. 5.2.6.
abc

2
(b+ c).

5.2.7. 176. 5.2.8. 140. 5.2.9. 80. 5.2.10. −24. 5.2.11. −24. 5.2.12. 0.
5.2.13. −24. 5.2.14. −180. 5.2.15. 0.
5.3.1. 144. 5.3.2. 4π. 5.3.3. 45. 5.3.4. 6π. 5.3.5. −16. 5.3.6. 1. 5.3.7. 27π.
5.3.8. −16. 5.3.9. 3π. 5.3.10. 12. 5.3.11. −24. 5.3.12. 2π. 5.3.13. −24.
5.3.14. 4π. 5.3.15. 3.

5.4.1.
16

3
. 5.4.2. −15. 5.4.3. −9

2
. 5.4.4. 36. 5.4.5. 48. 5.4.6.

16

3
. 5.4.7.

−18. 5.4.8.
23

3
. 5.4.9. −3. 5.4.10. 10. 5.4.11. 10. 5.4.12. −3. 5.4.13. 8.

5.4.14. 14. 5.4.15. 12.
5.5.1. −4π. 5.5.2. −π. 5.5.3. 9π. 5.5.4. −π. 5.5.5. 2π. 5.5.6. 24π. 5.5.7.
−18π. 5.5.8. −π. 5.5.9. 3π. 5.5.10. π. 5.5.11. 5π. 5.5.12. −8π. 5.5.13. 32π.
5.5.14. −16π. 5.5.15. 32π.

Êîíòðîëüíàÿ ðàáîòà �6

6.1.1. 1) (2, 2, 2), 2) 0, 3) (0, 0, 0). 6.1.2. 1) (0, 0, 0), 2)
2

x2 + y2 + z2
, 3) (0, 0, 0).

6.1.3. 1) (1, 1, 1), 2) 0, 3) (1, 1, 1). 6.1.4. 1) (0, 0, 0), 2) 0, 3) (0, 0, 0). 6.1.5.

1) (0, 0, 0), 2) 0, 3) (0, 0, 0). 6.1.6. 1) (0, 0, 0), 2) 6, 3) (0, 0, 0). 6.1.7.

1) (0, 0, 0), 2) −2, 3) (0, 0, 0). 6.1.8. 1) (1, 1, 1), 2) − 1

x2 + y2 + z2
, 3) (1, 1, 1).

6.1.9. 1)

„
− 1

x2
,− 1

y2
,− 1

z2

«
, 2) 2

`
x2y2 + x2z2 + y2z2´ , 3)„

−2x

y3
− 1

x2
,−2y

z3
− 1

y2
,−2z

x3
− 1

z2

«
. 6.1.10. 1) (0, 0, 6z), 2) 0, 3) (−6y,−6x, 0).

6.1.11. 1)

„
0, 0,− 1

z2

«
, 2) − 1

x2
− 1

y2
, 3)

„
1

y2
,

1

x2
, 0

«
. 6.1.12.

1) (ex, ey, ez), 2) 0, 3) (0, 0, 0). 6.1.13. 1) (0, 0, 0), 2) 3ex+y+z, 3) (−2ez−y,
−2ex−z,−2ey−x). 6.1.14. 1) (0, 0, 0), 2) 3ex−y+z, 3) (−2ey−z,−2ez−x,−2ex−y).

6.1.15. 1)

„
− 1

x2
,− 1

y2
,− 1

z2

«
, 2) 2, 3)

„
− 1

x2
− 2x

z3
,−2y

x3
− 1

y2
,−2z

y3
− 1

z2

«
.

6.2.1. rot (ua) = (−1, 1, 0), div (ua) = 16. 6.2.2. rot (ua) =
= (0, 0, 0), div (ua) = 2 + 3 ln 3. 6.2.3. rot (ua) = (−1,−1,−1), div (ua) =
= 6. 6.2.4. rot (ua) = (0, 0, 0), div (ua) = 0. 6.2.5. rot (ua) =
= (−3,−3,−3), div (ua) = 9. 6.2.6. rot (ua) = (−3,−3,−3), div (ua) =
= 21. 6.2.7. rot (ua) = (−1,−9, 7), div (ua) = −7. 6.2.8. rot (ua) =
= (0, 0, 0), div (ua) = 3. 6.2.9. rot (ua) = (1, 1, 1), div (ua) =
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= 9. 6.2.10. rot (ua) = (0, 0, 0), div (ua) = 6. 6.2.11. rot (ua) =
= (0, 0, 0), div (ua) = 0. 6.2.12. rot (ua) = (0, 0, 0), div (ua) = 12e.
6.2.13. rot (ua) = (2e3, 2e3, 2e3), div (ua) = 3e3. 6.2.14. rot (ua) =
= (−4e,−2e, 0), div (ua) = e. 6.2.15. rot (ua) = (−3,−1,−2), div (ua) =
= 10.

6.3.1. u = ρz2, ∆u =
2ρ2 + z2

ρ
. 6.3.2. u =

z2

ρ
, ∆u =

2

ρ
+

z2

ρ3
.

6.3.3. u =
z2 + ρ2

z
, ∆u =

2(2z2 + ρ2)

z3
. 6.3.4. u =

p
ρ2 − z2, ∆u =

= − 2z2

(ρ2 − z2)3/2
. 6.3.5. u =

`
1 + ρ2 sin2 ϕ

´
z ctgϕ, ∆u =

2z cosϕ

ρ2 sin3 ϕ
. 6.3.6.

u = zρ2 (1 + sinϕ cosϕ) , ∆u = 4z. 6.3.7. u = ρ (z + ρ sinϕ cosϕ) , ∆u =
z

ρ
.

6.3.8. u =
z sinϕ cosϕ

ρ
, ∆u = −3z sin 2ϕ

2ρ3
. 6.3.9. u = z ln

„
2

sin 2ϕ

«
, ∆u =

=
4z

ρ2 sin2 2ϕ
. 6.3.10. u = z ln (ρ sinϕ cosϕ) , ∆u = − 4z

ρ2 sin2 2ϕ
.

6.3.11. u = sin (z + ρ) , ∆u =
cos(ρ+ z)− 2ρ sin(ρ+ z)

ρ
. 6.3.12. u =

= cos
`
z2 − ρ2´ , ∆u = −4

`
ρ2 + z2´ cos(ρ2 − z2) − 2 sin(ρ2 − z2). 6.3.13.

u = ezρ, ∆u =
ezρ

ρ

`
ρ3 + ρz2 + z

´
. 6.3.14. u = ρ2 `z2 + sin 2ϕ

´
, ∆u =

= 2ρ2 + 4z2. 6.3.15. u =
z

ρ
+ sinϕ+ cosϕ, ∆u =

z

ρ3
− cosϕ+ sinϕ

ρ2
.

6.4.1. u = 2 ln r, ∆u =
2

r2
. 6.4.2. u = cos3 θ, ∆u = −6 cos θ cos 2θ

r2
. 6.4.3.

u =
r2

cos2 θ
, ∆u =

2(4 + cos 2θ)

cos4 θ
. 6.4.4. u = cos2 θ, ∆u =

2(1− 3 cos2 θ)

r2
.

6.4.5. u =
ctgϕ

r
, ∆u =

2 cosϕ

r3 sin2 θ sin3 ϕ
. 6.4.6. u = ln

`
sin2 θ

´
, ∆u = − 2

r2
.

6.4.7. u = ln

„
1

sin2 θ

«
, ∆u =

2

r2
. 6.4.8. u = ctg2 θ, ∆u =

2(1 + cos2 θ)

r2 sin4 θ
.

6.4.9. u = ln tg θ, ∆u =
1

r2 cos2 θ
. 6.4.10. u = er, ∆u =

(2 + r)er

r
. 6.4.11.

u = sin r, ∆u =
2 cos r − r sin r

r
. 6.4.12. u =

1

sin2 θ
, ∆u =

2(1 + cos2 θ)

r2 sin4 θ
.

6.4.13. u =
sin2 θ

cos θ
, ∆u =

2 cos θ

r2
+

2

r2 cos3 θ
. 6.4.14. u =

cos θ

sin2 θ
, ∆u =

=
4 cos θ

r2 sin4 θ
. 6.4.15. u = sin4 θ, ∆u =

4 sin2 θ(5 cos2 θ − 1)

r2
.

6.5.1. b = −6 k, ∆a = 6z i + (6x − 2) j + 6xk. 6.5.2. b = sin z i + 6 j −
cos y k, ∆a = − sin y i − cos z j + 6xk. 6.5.3. b =

2

z3
i +

2

y3
k, ∆a =

= − 1

y2
i− 1

z2
j + 2 k. 6.5.4. b = ez i− 8e2x j + ey k, ∆a = ey i + ez j− 4e2x k.
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6.5.5. b = −3

8
y−5/2 i − 3

8
z−5/2 j − 3

8
x−5/2 k, ∆a = −1

4
z−3/2 i − 1

4
x−3/2 j −

1

4
y−3/2k. 6.5.6. b = − ch y i − ch z j − chxk, ∆a = sh z i + shx j + sh y k.

6.5.7 b = 0, ∆a = − 2x

(1 + x2)2
i − 2y

(1 + y2)2
j − 2z

(1 + z2)2
k. 6.5.8. b =

= (shx − sh z)j, ∆a = ch z i + ch y j + chxk. 6.5.9. b = (ex − ez) j, ∆a =

= ez i−
„

1

4
y−3/2 + sin y

«
j+ex k. 6.5.10. b = 6 i+6 j+6 k, ∆a = 6y i+6z j+

6xk. 6.5.11. b = −6 i − 6 j − 6 k, ∆a = 6(x − y) i + 6(y − z) j + 6(z − x) k.

6.5.12. b =
2

z3
i +

2

x3
j, ∆a = − 1

(x− 2)2
i − 1

z2
j − 1

x2
k. 6.5.13. b =

= 0, ∆a = − 1

x2
i − 1

(y − 5)2
j − 1

z2
k. 6.5.14. b = 6 i − 30 k, ∆a =

= (6−30y) i+(6−36z) j+(6−42y) k. 6.5.15. b = −24z i−24x j−24y k, ∆a =
= 12(x2 − y2) i + 12(y2 − z2) j + 12(z2 − x2) k.

Êîíòðîëüíàÿ ðàáîòà �7

7.1.1. x2y + y + C. 7.1.2. x (y + 1)2 + C. 7.1.3. xy + yz + zx+ C. 7.1.4.

x+xyz+C. 7.1.5. ln |x+y+z|+C. 7.1.6. ex sin y+z+C. 7.1.7.
y

x
+
z

y
+
x

z
+

+C. 7.1.8. x2y− y2z+C. 7.1.9. x2yz+C. 7.1.10. x3y−xy3 +C. 7.1.11.

2x√
y + z

+ C. 7.1.12. xyz − x2y

2
+
y2z2

2
+ C. 7.1.13. xyz (x+ y + z) + C.

7.1.14. ey sinx+ sin z + C. 7.1.15. x2y + y2x+ 2zy + 2zx+ C.

7.2.1. b =

„
x2

2
+ xy

«
j +

„
y2

2
+ yz − x2

2
− xz

«
k. 7.2.2. b = x2 j +

+
`
xz + y2´ k. 7.2.3. b =

„
xzy2 − zx3

3

«
j +

„
xyz2 − yx3

3

«
k. 7.2.4. b =

=
`
xyz2 − 2xyz + x

´
j + y (1 + xyz) k. 7.2.5. b = 3x2 j +

`
2y3 − 6xz

´
k.

7.2.6. b = −3x2yz j +

„
xyz − x2y2

2

«
k. 7.2.7. b = xz

`
x2 − y2´ i −

− yz
`
x2 + y2´ j. 7.2.8. b = x2yz i− xy2z j. 7.2.9. b = −

“
xz2 + yzex

2
”

i−

− 2xyz j. 7.2.10. b =

„
z3

3
− yx2

«
i− y2z j. 7.2.11. b =

„
x2z − y2z2

2

«
i +

+

„
x3yz − z3

3

«
j. 7.2.12. b = z

“
x− y +

z

2

”
i− xyz2 j. 7.2.13. b = yz2 i−

− xz

y
j. 7.2.14. b = 2xyz i− yz2ex j. 7.2.15. b = −xz2 ln y i− yz2 lnx j.

7.3.1. gradu|M = 12 i + 10 j + 2 k. 7.3.2. gradu|M = −11 i− 5 j + k. 7.3.3.

gradu|M = −24 i−12 k. 7.3.4. gradu|M = −9 i+10 j+5 k. 7.3.5. gradu|M =
= 12 i − 12 j − 30 k. 7.3.6. gradu|M = −6 i + 12 j − 12 k. 7.3.7. gradu|M =
= 8 i− 13 j− k. 7.3.8. gradu|M = 12 i− 9 j− 12 k. 7.3.9. gradu|M = −6 i−
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− 12 j− 4 k. 7.3.10. gradu|M = 11 i + 9 j + 2 k. 7.3.11. gradu|M = −12 i−
− 18 j + 30 k. 7.3.12. gradu|M = 12 j + 6 k. 7.3.13. gradu|M = 6 i − 10 j.
7.3.14. gradu|M = −6 i− 12 j− 6 k. 7.3.15. gradu|M = −12 i− 6 k.

7.4.1. ϕ = er, gradf(r) =
er(r − 1)

r3
r. 7.4.2. ϕ =

1

2
ln2 r + ln r, gradf(r) =

=
1− 2(ln r + 1)

r4
r. 7.4.3. ϕ = (r − 1)er), gradf(r) =

er

r
r. 7.4.4. ϕ =

=
r2

2

„
ln r − 1

2

«
, gradf(r) =

1

r2
r. 7.4.5. ϕ = r5 − r2, gradf(r) = 15rr.

7.4.6. ϕ =
(r + 1)3

3
, gradf(r) =

r2 − 1

r3
r. 7.4.7. ϕ =

1

2
er

2
, gradf(r) =

= 2er
2
r. 7.4.8. ϕ =

1 + r2

2

`
ln(1− r2)− 1

´
, gradf(r) =

2

1 + r2
r. 7.4.9.

ϕ = r, gradf(r) = − 1

r3
r. 7.4.10. ϕ = ln r, gradf(r) = − 2

r4
r. 7.4.11. ϕ =

=
1

3
r3, gradf(r) =

1

r
r. 7.4.12. ϕ = −q

r
, gradf(r) = −3q

r5
r. 7.4.13. ϕ = r4−

−r3, gradf(r) =

„
8− 3

r

«
r. 7.4.14. ϕ = r4 +r3 +r2, gradf(r) =

„
8 +

3

r

«
r.

7.4.15. ϕ = −3(1 + r)e−r, gradf(r) = −3e−r

r
r.

7.5.1. diva =
er(2 + r)

r
, ∆f(r) =

er

r
. 7.5.2. diva =

2 + ln r

r2
, ∆f(r) =

=
2 ln r − 1

r4
. 7.5.3. diva = er (3 + r) , ∆f(r) =

er(2 + r)

r
. 7.5.4. diva =

= 1 + 3 ln r, ∆f(r) =
1

r2
. 7.5.5. diva = 30r3 − 6, ∆f(r) = 60r. 7.5.6.

diva =
2(1 + r)(2r + 1)

r
, ∆f(r) =

2

r
. 7.5.7. diva = er

2 `
3 + 2r2

´
, ∆f(r) =

= 2er
2 `

3 + 2r2
´
. 7.5.8. diva = 3 ln

`
1 + r2

´
+

2r2

1 + r2
, ∆f(r) =

2(3 + r2)

(1 + r2)2
.

7.5.9. diva =
2

r
, ∆f(r) = 0. 7.5.10. diva =

1

r2
, ∆f(r) =

2

r4
. 7.5.11.

diva = 4r, ∆f(r) =
2

r
. 7.5.12. diva = 0, ∆f(r) =

6q

r5
. 7.5.13. diva =

= 4r (5r − 3) , ∆f(r) =
6(4r − 1)

r
. 7.5.14. diva = 20r2 + 12r + 6, ∆f(r) =

=
6(1 + 4r)

r
. 7.5.15. diva = 3e−r (3− r) , ∆f(r) =

3e−r(r − 2)

r
.
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8.1.1.

0@ 3 −2 1
−6 4 −2
9 −6 3

1A, 10. 8.1.2.

0@ 14 12 6
21 18 9
−28 −24 −12

1A, 20.

8.1.3.

0@ 7 2 −3
14 4 −6
−7 −2 3

1A, 14. 8.1.4.

0@ −3 24 −27
8 −64 72
7 −56 63

1A, −4.

8.1.5.

0@ −8 −10 6
20 25 −15
28 35 −21

1A, −4. 8.1.6.

0@ 9 −4 5
−36 16 −20
−9 4 −5

1A,
20. 8.1.7.

0@ −9 18 −45
−2 4 −10
−5 10 −25

1A, −30. 8.1.8.

0@ 16 2 12
8 1 6
32 4 24

1A, 41.

8.1.9.

0@ −30 −24 −18
20 16 12
35 28 21

1A, 7. 8.1.10.

0@ −8 6 3
−48 36 18
48 −36 −18

1A, 10.

8.1.11.

0@ 12 4 6
12 4 6
30 10 15

1A, 31. 8.1.12.

0@ 5 3 2
45 27 18
20 12 8

1A, 40. 8.1.13.0@ −12 8 4
9 −6 −3
15 −10 −5

1A, −23. 8.1.14.

0@ 8 −1 3
24 −3 9
40 −5 15

1A, 20. 8.1.15.0@ 16 6 −12
48 18 −36
32 12 −24

1A, 10.

8.2.1.

0@ 2 0 3/2
0 4 4

3/2 4 1

1A,
0@ 0 0 1/2

0 0 1
−1/2 −1 0

1A. 8.2.2.
0@ 1 2 5/2

2 5 2
5/2 2 0

1A,0@ 0 2 −1/2
−2 0 1
1/2 −1 0

1A. 8.2.3.
0@ 4 5/2 3

5/2 6 0
3 0 3

1A,
0@ 0 1/2 2
−1/2 0 0
−2 0 0

1A. 8.2.4.0@ 4 1/2 5/2
1/2 5 1
5/2 1 7

1A,
0@ 0 1/2 −1/2
−1/2 0 −1
1/2 1 0

1A. 8.2.5.

0@ 1 7/2 3/2
7/2 4 3/2
3/2 3/2 0

1A,0@ 0 −3/2 3/2
3/2 0 1/2
−3/2 −1/2 0

1A. 8.2.6.

0@ 0 5 3
5 1 5/2
3 5/2 2

1A,
0@ 0 2 −3
−2 0 3/2
3 −3/2 0

1A.
8.2.7.

0@ 0 6 5/2
6 2 1

5/2 1 4

1A,
0@ 0 −3 5/2

3 0 0
−5/2 0 0

1A. 8.2.8.
0@ 1 1 7/2

1 6 1
7/2 1 1

1A,
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0@ 0 −1 1/2
1 0 1
−1/2 −1 0

1A. 8.2.9.
0@ 3 3/2 2

3/2 3 5/2
2 5/2 0

1A,
0@ 0 1/2 −2
−1/2 0 3/2

2 −3/2 0

1A.
8.2.10.

0@ 5 2 0
2 3 5/2
0 5/2 6

1A,
0@ 0 0 0

0 0 3/2
0 −3/2 0

1A. 8.2.11.

0@ 3 2 5/2
2 2 3

5/2 3 1

1A,0@ 0 2 −5/2
−2 0 1
5/2 −1 0

1A. 8.2.12.
0@ 5 3/2 3/2

3/2 1 7/2
3/2 7/2 0

1A,
0@ 0 −3/2 −1/2

3/2 0 1/2
1/2 −1/2 0

1A.
8.2.13.

0@ 2 1 2
1 1 3
2 3 5

1A,
0@ 0 −1 2

1 0 0
−2 0 0

1A. 8.2.14.

0@ 3 4 1/2
4 2 5/2

1/2 5/2 1

1A,0@ 0 −2 1/2
2 0 −5/2
−1/2 5/2 0

1A. 8.2.15.
0@ 3 4 2

4 3 1/2
2 1/2 1

1A,
0@ 0 −2 −2

2 0 1/2
2 −1/2 0

1A.
8.3.1. 1) (5, 1,−5) , 2) (8, 7,−2). 8.3.2. 1) (−7, 25, 16) , 2) (12, 11, 10).
8.3.3. 1) (−7, 3,−12) , 2) (−1, 6, 0). 8.3.4. 1) (2, 18, 12) , 2) (3, 15, 17).
8.3.5. 1) (−14,−6,−3) , 2) (7, 1,−3). 8.3.6. 1) (30,−1, 16) , 2) (14, 15, 4).
8.3.7. 1) (−45,−4, 12) , 2) (0, 2, 7). 8.3.8. 1) (4,−12, 17) , 2) (9, 0, 16). 8.3.9.
1) (11,−3,−12) , 2) (0, 1, 5). 8.3.10. 1) (1,−3,−2) , 2) (1, 0, 4). 8.3.11.

1) (14, 10,−7) , 2) (1, 0, 12). 8.3.12. 1) (10,−12,−7) , 2) (22, 0, 1). 8.3.13.
1) (−2,−8,−4) , 2) (4, 0,−20). 8.3.14. 1) (18,−42,−8) , 2) (0, 16, 0). 8.3.15.
1) (−15,−1,−4) , 2) (1, 0, 1).
8.4.1. I1 = −4, I2 = −5, I3 = 0. 8.4.2. I1 = 10, I2 = 21, I3 = 0. 8.4.3.
I1 = −3, I2 = −40, I3 = 0. 8.4.4. I1 = 3, I2 = −88, I3 = 0. 8.4.5. I1 =
= 15, I2 = 36, I3 = 0. 8.4.6. I1 = 11, I2 = 0, I3 = 0. 8.4.7. I1 = 2, I2 =
= −63, I3 = 0. 8.4.8. I1 = 8, I2 = −48, I3 = 0. 8.4.9. I1 = 7, I2 = 6, I3 = 0.
8.4.10. I1 = 2, I2 = −63, I3 = 0. 8.4.11. I1 = −2, I2 = −48, I3 = 0.
8.4.12. I1 = 2, I2 = −8, I3 = 0. 8.4.13. I1 = 0, I2 = 0, I3 = 0. 8.4.14.
I1 = 9, I2 = 18, I3 = 0. 8.4.15. I1 = 13, I2 = 0, I3 = 0.
8.5.1. λ1 = −5, a1 = (1,−2, 0) ; λ2 = 1, a2 = (1,−2,−6) ; λ3 =

= 0, a3 = (−1, 1, 2). 8.5.2. λ1 = 3, a1 =

„
−5

4
, 1,−5

2

«
; λ2 = 7, a2 =

= (1, 0, 2) ; λ3 = 0, a3 = (2,−1, 1). 8.5.3. λ1 = 5, a1 = (−2,−5, 1) ; λ2 =

= −8, a2 =

„
−43

15
,

16

15
, 1

«
; λ3 = 0, a3 = (3, 0, 1). 8.5.4. λ1 = 11, a1 =

=

„
1,

15

8
,−1

2

«
; λ2 = −8, a2 = (−2, 1, 1) ; λ3 = 0, a3 =

„
1,−21

2
,

43

2

«
. 8.5.5.

λ1 = 3, a1 = (1,−7, 3) ; λ2 = 12, a2 = (1, 2, 3) ; λ3 = 0, a3 = (1,−2, 1). 8.5.6.

λ1 = 11, a1 = (2, 1, 1) ; λ2 = λ3 = 0, a2 = a3 =

„
1,−9

4
,

1

2

«
. 8.5.7. λ1 =

= −7, a1 =

„
7

3
, 1,

2

3

«
; λ2 = 9, a2 =

„
1,

29

9
,

46

9

«
; λ3 = 0, a3 = (0, 1,−4).
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8.5.8. λ1 = −4, a1 = (2, 1,−2) ; λ2 = 12, a2 =

„
1,

1

2
, 1

«
; λ3 = 0, a3 =

= (4,−4, 1). 8.5.9. λ1 = 1, a1 = (−1, 0, 1) ; λ2 = 6, a2 =

„
1,

5

3
,

7

3

«
; λ3 =

= 0, a3 = (−1,−1, 1). 8.5.10. λ1 = −7, a1 =

„
1,−1

2
,−3

2

«
; λ2 =

= 9, a2 =

„
1,

7

2
,

5

2

«
; λ3 = 0, a3 =

„
−34

23
,

52

23
, 1

«
. 8.5.11. λ1 = −8, a1 =

= (1, 1,−2) ; λ2 = 6, a2 =

„
1,−5

2
,−2

«
; λ3 = 0, a3 = (17, 1,−10). 8.5.12.

λ1 = −2, a1 = (1,−1, 2) ; λ2 = 4, a2 = (7, 1,−14) ; λ3 = 0, a3 = (−1, 1,−3).
8.5.13. λ1 = λ2 = λ3 = 0, a1 = a2 = a3 = (1, 0, 2). 8.5.14. λ1 = 3, a1 =

= (−2,−1, 2) ; λ2 = 6, a2 =

„
5

4
, 1,−1

4

«
; λ3 = 0, a3 =

„
47

4
, 1,−25

4

«
. 8.5.15.

λ1 = 13, a1 =

„
7

6
, 1,−7

6

«
; λ2 = λ3 = 0, a2 = a3 = (−1, 1, 1).

Êîíòðîëüíàÿ ðàáîòà �9

9.1.1.

0@ 5
√

3 0√
3 7 0

0 0 3

1A . 9.1.2.

0@ 1 0 0

1 3
√

3

−
√

3
√

3 1

1A.
9.1.3.

0@ 1 −1
√

2

−1 1
√

2
0 0 1

1A . 9.1.4.

0@ 1 −
√

3 0

−
√

3 3 0

−1
√

3 1

1A.
9.1.5.

0@ 3
√

3
√

3√
3 1 1

−1
√

3 0

1A . 9.1.6.

0@ 4 0 0

−
√

3 1 −
√

3

−1 −
√

3 3

1A.
9.1.7.

0@ 3− 4
√

3 0
√

3 + 4
0 0 0√

3 + 4 0 1 + 4
√

3

1A . 9.1.8.

0@ 0 −
√

2
√

2

−
√

2 3 −3√
2 −3 3

1A.
9.1.9.

0@ 0 0 0
−1 1 0√

3 0 1

1A . 9.1.10.

0@ 1−
√

3 0 1 +
√

3
0 3 0√

3− 3 0
√

3 + 3

1A.
9.1.11.

0@ 0 −1
√

3

−1 3
√

3√
3
√

3 1

1A . 9.1.12.

0@ 0 1
√

3√
3 −3

√
3

−1
√

3 −1

1A.
9.1.13.

0@ 0 0 0√
2 0

√
2

−1 0 1

1A . 9.1.14.

0@ 1 +
√

3 0 −3−
√

3√
3 0 1

1−
√

3 0 3−
√

3

1A.
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9.1.15.

0@ 1
√

3 −1√
3 3 −

√
3

0 0 3

1A.
9.2.1. gij =

0@ 2 −3 −1
−3 5 1
−1 1 2

1A, gij =

0@ 9 5 2
5 3 1
2 1 1

1A.
9.2.2. gij =

0@ 3 −3/2 −1/2
−3/2 5/4 1/4
−1/2 1/4 1/4

1A, gij =

0@ 1 1 1
1 2 0
1 0 6

1A.
9.2.3. gij =

0@ 6 −3 2
−3 2 −1
2 −1 1

1A, gij =

0@ 1 1 −1
1 2 0
−1 0 3

1A.
9.2.4. gij =

0@ 14 3 −3
3 1 0
−3 0 2

1A, gij =

0@ 2 −6 3
−6 19 −9
3 −9 5

1A.
9.2.5. gij =

0@ 1 2 0
2 6 −3
0 −3 5

1A, gij =

0@ 21 −10 −6
−10 5 3
−6 3 2

1A.
9.2.6. gij =

0@ 14 1 5
1 1 0
5 0 2

1A, gij =

0@ 2 −2 −5
−2 3 5
−5 5 13

1A.
9.2.7. gij =

0@ 5 13 0
13 35 1
0 1 1

1A, gij =

0@ 34 −13 13
−13 5 −5
13 −5 6

1A.
9.2.8. gij =

0@ 6 1 −7
1 1 0
−7 0 10

1A, gij =

0@ 10 −10 7
−10 11 −7

7 −7 5

1A.
9.2.9. gij =

0@ 1 1 0
1 3 5
0 5 13

1A, gij =

0@ 14 −13 5
−13 13 −5

5 −5 2

1A.
9.2.10. gij =

0@ 10 −7 −14
−7 5 10
−14 10 21

1A, gij =

0@ 5 7 0
7 14 −2
0 −2 1

1A.
9.2.11. gij =

0@ 2 5 3
5 13 10
3 10 18

1A, gij =

0@ 134 −60 11
−60 27 −5
11 −5 1

1A.
9.2.12. gij =

0@ 1 1 1
1 2 4
1 4 11

1A, gij =

0@ 6 −7 2
−7 10 −3
2 −3 1

1A.
9.2.13. gij =

0@ 1 2 1
2 5 6
1 6 18

1A, gij =

0@ 54 −30 7
−30 17 −4

7 −4 1

1A.
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9.2.14. gij =

0@ 1 3 1
3 10 8
1 8 27

1A, gij =

0@ 206 −73 14
−73 26 −5
14 −5 1

1A.
9.2.15. gij =

0@ 1 −1 −1
−1 2 0
−1 0 3

1A, gij =

0@ 6 3 2
3 2 1
2 1 1

1A.
9.3. 1. e1 = (9, 5, 2), e2 = (5, 3, 1), e3 = (2, 1, 1);

0@ −1 −2 2
−1 −1 1
0 0 1

1A.
2. e1 = (3,−3/2,−1/2), e2 = (−3/2, 5/4, 1/4), e3 = (−1/2, 1/4, 1/4);0@ −1 1 −1

1/2 0 1
1/2 0 0

1A. 3. e1 = (1, 1,−1), e2 = (1, 2, 0), e3 = (−1, 0, 3);0@ 0 1 0
0 1 −1
1 −1 −1

1A. 4. e1 = (2,−6, 3), e2 = (−6, 19,−9), e3 = (3,−9, 5);0@ 1 −1 0
−3 3 1
1 −2 0

1A. 5. e1 = (21,−10, 6), e2 = (−10, 5, 3), e3 = (−6, 3, 2);0@ 1 −4 2
0 2 −1
0 1 −1

1A. 6. e1 = (2,−2,−5), e2 = (−2, 3, 5), e3 = (−5, 5, 13);0@ 0 −1 1
1 1 −1
0 3 −2

1A. 7. e1 = (34,−13, 13), e2 = (−13, 5,−5), e3 = (13,−5, 6);0@ 3 −5 0
−1 2 0
1 −2 1

1A. 8. e1 = (10,−10, 7), e2 = (−10, 11,−7), e3 = (7,−7, 5);0@ −1 0 3
1 1 −3
−1 0 2

1A. 9. e1 = (14,−13, 5), e2 = (−13, 13,−5), e3 = (5,−5, 2);0@ 2 −3 1
−2 3 0
1 −1 0

1A. 10. e1 = (5, 7, 0), e2 = (7, 14,−2), e3 = (0,−2, 1);0@ 2 0 −1
3 −2 −1
0 1 0

1A. 11. e1 = (134,−60, 11), e2 = (−60, 27,−5), e3 =

= (11,−5, 1);

0@ 3 11 −2
−1 −5 1
0 1 0

1A. 12. e1 = (6,−7, 2), e2 = (−7, 10,−3), e3 =

= (2,−3, 1);

0@ 1 −1 2
0 1 −3
0 0 1

1A. 13. e1 = (54,−30, 7), e2 = (−30, 17,−4), e3 =
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= (7,−4, 1);

0@ 1 −2 7
0 1 −4
0 0 1

1A. 14. e1 = (206,−73, 14), e2 =

= (−73, 26,−5), e3 = (14,−5, 1);

0@ 1 −3 14
0 1 −5
0 0 1

1A. 15. e1 = (6, 3, 2), e2 =

= (3, 2, 1), e3 = (2, 1, 1);

0@ −1 1 −2
0 1 −1
0 0 −1

1A.
9.4.1. Tjk =

0@ 6 −8 −6
−8 12 5
−7 5 13

1A, T jk =

0@ −16 −9 −5
−8 −4 −3
−10 −6 1

1A,
T j·k =

0@ 2 0 −2
−2 1 1
−12 −7 4

1A, T ·jk =

0@ 0 −2 −3
−1 1 −2
−3 1 6

1A.
9.4.2. Tjk =

0@ −4 −1 −3
−2 0 10
6 20 −10

1A, T jk =

0@ −7 −3 −2
−2 17/4 11/4
0 11/4 1/4

1A,
T j·k =

0@ −12 −13 −19
5 13/2 29/2
3 11/2 3/2

1A, T ·jk =

0@ −9 4 1
−11 11/2 7/2
−7 27/2 −1/2

1A.
9.4.3. Tjk =

0@ 24 −16 −2
0 4 8
1 −2 −2

1A, T jk =

0@ 5 3 1
2 8 18
−7 −1 9

1A,
T j·k =

0@ 10 −8 −30
−4 8 24
1 −3 −7

1A, T ·jk =

0@ 23 −10 8
24 −8 14
−21 10 −4

1A.
9.4.4. Tjk =

0@ 138 17 −58
28 6 −6
−44 −1 28

1A, T jk =

0@ −6 13 −7
20 −39 21
−8 16 −2

1A,
T j·k =

0@ 0 17 −29
2 0 0
2 −7 17

1A, T ·jk =

0@ −24 −5 4
100 21 −18
−58 −8 20

1A.
9.4.5. Tjk =

0@ −3 −1 −6
10 42 −26
−25 −71 30

1A, T jk =

0@ 153 −83 −59
−85 45 31
−50 24 18

1A,
T j·k =

0@ −17 7 3
−54 32 14

5 −15 −3

1A, T ·jk =

0@ −13 −15 −46
5 7 20
−2 −10 18

1A.
9.4.6. Tjk =

0@ 148 20 50
34 1 13
50 8 16

1A, T jk =

0@ −10 8 22
11 −8 −18
27 −18 −56

1A,
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T j·k =

0@ 6 14 10
1 0 4
4 4 −2

1A, T ·jk =

0@ −22 −2 −6
56 3 19
80 9 23

1A.
9.4.7. Tjk =

0@ 21 69 14
75 227 30
17 41 −4

1A, T jk =

0@ 18 −10 44
−7 4 −16
0 0 8

1A,
T j·k =

0@ −1 2 12
−11 10 20
−7 4 −8

1A, T ·jk =

0@ −40 −72 34
17 33 −12
0 8 8

1A.
9.4.8. Tjk =

0@ 41 16 −33
7 3 −6
−50 −19 40

1A, T jk =

0@ 0 −3 1
−2 8 −3
−3 −1 −1

1A,
T j·k =

0@ 19 −3 10
−2 5 −2
−30 11 −17

1A, T ·jk =

0@ −10 −3 10
17 6 −16
−12 −4 11

1A.
9.4.9. Tjk =

0@ 1 2 3
6 20 34
10 45 83

1A, T jk =

0@ −30 16 −5
33 −18 6
−15 10 −3

1A,
T j·k =

0@ 3 −2 1
−6 12 −2
−30 40 −9

1A, T ·jk =

0@ −14 −7 15
15 9 −12
−5 0 11

1A.
9.4.10. Tjk =

0@ 59 −44 −99
−40 30 68
−89 66 149

1A, T jk =

0@ 5 3 1
15 15 1
−3 −5 1

1A,
T j·k =

0@ −13 −5 −11
10 4 8
17 3 17

1A, T ·jk =

0@ 15 −10 −19
31 −20 −39
−9 6 13

1A.
9.4.11. Tjk =

0@ 8 18 9
17 38 21
0 1 19

1A, T jk =

0@ 93 −34 12
−22 7 −4

5 −2 1

1A,
T j·k =

0@ 91 −39 7
229 −99 18
149 −68 14

1A, T ·jk =

0@ 52 143 155
−21 −59 −68

3 9 13

1A.
9.4.12. Tjk =

0@ 3 3 8
7 9 20
15 25 57

1A, T jk =

0@ 3 −9 5
12 −7 −1
−2 1 1

1A,
T j·k =

0@ 13 −15 5
19 −19 7
29 −26 12

1A, T ·jk =

0@ −1 5 22
4 −6 −27
0 4 13

1A.
9.4.13. Tjk =

0@ 5 12 13
12 31 41
13 44 95

1A, T jk =

0@ 233 −136 40
−133 79 −23

34 −20 6

1A,
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T j·k =

0@ 1 2 0
5 3 1
47 −22 10

1A, T ·jk =

0@ 1 26 137
2 −9 −73
0 4 22

1A.
9.4.14. Tjk =

0@ 3 10 12
11 39 54
13 59 122

1A, T jk =

0@ −133 43 1
67 −22 1
−12 4 0

1A,
T j·k =

0@ 56 −19 4
175 −59 13
79 −25 9

1A, T ·jk =

0@ −3 39 238
2 −11 −82
0 4 20

1A.
9.4.15. Tjk =

0@ 1 −3 4
−1 9 −10
3 −9 1

1A, T jk =

0@ 19 5 5
10 5 1
4 −1 1

1A,
T j·k =

0@ 5 1 3
1 5 −3
−7 −8 −2

1A, T ·jk =

0@ 9 −9 −4
4 0 −7
4 −6 −1

1A.
9.5.1. 1) ai = −7e1+10e2+7e3, bj = −2e1+e2+7e3; 2) 21; 3) ai×bj = 8e1−
−e2−2e3, ai×bj = 63e1+35e2+13e3. 9.5.2. 1) ai = 2e1+3e2−3e3, bj = 5e1+
+4e2+14e3; 2) 1; 3) ai×bj = 2e1−16e2+6e3, ai×bj = 27e1−43/2e2+−7/2e3.
9.5.3. 1) ai = 7e1−3e2+2e3, bj = 5e1−e2+3e3; 2) 6; 3) ai×bj = 7e1−9e2+
+5e3, ai×bj = −7e1−11e2+8e3. 9.5.4. 1) ai = −32e1−6e2+9e3, bj = 3e1+
+3e2+4e3; 2) 0; 3) ai×bj = −15e1+2e2−3e3, ai×bj = −51e1+155e2−78e3.
9.5.5. 1) ai = 5e1 + 8e2 + 4e3, bj = −e1 + 6e2 − 13e3; 2) − 15; 3) ai × bj =
= −6e1 − 4e2 + 7e3, ai × bj = −128e1 + 61e2 + 38e3. 9.5.6. 1) ai = 61e1 +
+8e2 +20e3, bj = 9e1 +2e2 +3e3; 2) 43; 3) ai× bj = 23e1−19e2 +20e3, ai×
× bj = −16e1−3e2 +50e3. 9.5.7. 1) ai = −4e1−10e2 +e3, bj = 5e1 +17e2 +
+ 4e3; 2) 0; 3) ai × bj = −12e1 − 24e2 + 3e3, ai × bj = −57e1 + 21e2 − 18e3.
9.5.8. 1) ai = 7e1 + 3e2 − 5e3, bj = −7e1 + 2e2 + 13e3; 2) 0; 3) ai × bj =
= −7e1 − 7e2 + 7e3, ai × bj = 49e1 − 56e2 + 35e3. 9.5.9. 1) ai = e1 + 2e2 +
+ 2e3, bj = e1 − 4e2 − 13e3; 2) − 1; 3) ai × bj = −3e1 − 3e2 − 3e3, ai × bj =
= −18e1 + 15e2 − 6e3. 9.5.10. 1) ai = −8e1 + 5e2 + 6e3, bj = 12e1 − 8e2 −
− 13e3; 2) − 24; 3) ai × bj = −2e1 − e2 + 2e3, ai × bj = −17e1 − 32e2 + 4e3).
9.5.11. 1) ai = e1− 12e3, bj = 3e1 + 8e2 + 7e3; 2) − 1; 3) ai× bj = e1 + e2 +
+ 2e3, ai × bj = 96e1 − 43e2 + 8e3. 9.5.12. 1) ai = −2e1 − e2, bj = −3e1 −
− 2e2 + 2e3; 2) 5; 3) ai × bj = 3e1 + 10e2 + 25e3, ai × bj = −2e1 + 4e2 + e3.
9.5.13. 1) ai = e1− 7e3, bj = −4e1− 5e2 + 9e3; 2) − 10; 3) ai× bj = −2e1−
−5e2−11e3, ai×bj = −35e1+19e2−5e3. 9.5.14. 1) ai = e2+6e3, bj = 2e1−
− 30e3; 2) − 8; 3) ai × bj = 4e1 + 14e2 + 12e3, ai × bj = −30e1 + 12e2 − 2e3.
9.5.15. 1) ai = −e1 − 2e2 + 7e3, bj = 1e1 − 4e2 + 6e3; 2) 20; 3) ai × bj =
= −3e1 + 10e2 + 2e3, ai × bj = 16e1 + 13e2 + 6e3.
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